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Adiabatic quantum pumping refers to particle transport induced by adiabatic sweep-
ing of system parameters. The original motivation to study this phenomenon dates
back to Thouless’s seminal work, in which adiabatic particle transport was connected
with topological properties of Bloch bands. In recent years, adiabatic pumping has
retrieved its attractiveness due to the explosive development in topological phases of
matter, and the construction of versatile and flexible quantum simulators like optical
and photonic lattices. There, adiabatic pumps play an essential role in demonstrat-
ing transport features of various equilibrium and non-equilibrium topological states
of matter.
In this thesis, we will investigate adiabatic pumping in several periodically driven
and open quantum systems. The main body of the thesis is divided into three parts.
To set the stage, we will review the historical development of topological phases,
the theoretical background of our study, and several typical model systems in the
first part of this thesis.
The second part of the thesis is devoted to demonstrating the content of three
projects we have done in the past few years. In the first project, we propose a
harmonically driven superlattice model to study Floquet topological phases. There
we will show that our model supports non-equilibrium topological phases absent
in static systems. A series of topological phase transitions could be induced in
this model via changing system parameters. The existence of these phases will
x
be demonstrated by quantized adiabatic pumping of Wannier states. Under open
boundary conditions, gap-traversing chiral edge modes persist if the corresponding
Floquet bands have nonzero Chern numbers. Several other interesting features of
this model, like the existence of Dirac cones and nearly-flat topological Floquet
bands, will also be discussed. An experimental setup is proposed to study these
properties.
Our second project concerns interband coherence induced corrections to adia-
batic pumping in Floquet systems. We find that under one symmetry assumption,
the displacement of a wave-packet center over one adiabatic cycle consists of two
components independent of the time scale of the adiabatic cycle: a weighted integral
of the Berry curvature summed over all Floquet bands, plus an interband coherence
induced correction. The correction survives in the adiabatic limit due to interband
coherence. We verify our theory using the periodically driven superlattice model
we studied in the first project. In addition to probing topological phase transitions,
the adiabatic dynamics studied in this project might also be useful in manifest-
ing coherence and decoherence effects in the representation of Floquet quasienergy
bands.
In the third project, we study the effect of decoherence on adiabatic pumping in
static systems. We will first derive a formula for the adiabatic population transfer
among instantaneous eigenstates of a finite-level quantum system coupled with a
pure dephasing bath. It will be shown that a correction term up to first order in
the driving speed emerges in the adiabatic transition probability for general kinds
of initial states. Our theoretical predictions are numerically verified in a pure-
dephasing Landau-Zener model. To demonstrate these nonadiabatic effects in a
dynamical process, we extend Thouless’s pump to the case when the system is
coupled to a pure-dephasing bath. The resulting pump is composed of two parts: a
geometric part originates from the Fubini-Study metric and Berry curvature of the
band, and a dynamical one due to interband coherence in the initial state. Both
parts are modified by the dephasing rate. Without dephasing, the pump reduces
xi
to a form parallel to our finding in the second project. We numerically verify these
results in a simple Chern insulator model.
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This introductory chapter is divided into three parts. We will first recap some pre-
liminary concepts concerning topological spaces and their relations. After that we
will give a brief historical overview on the emergence and the role of topological num-
bers in physics, mainly focusing on examples in condensed matter and engineered
quantum systems. With these in mind, we will discuss some recent progresses in
relating geometry, topology and adiabatic quantum pumping in Floquet and open
quantum systems. These developments serve as the motivation for the studies in
this thesis. The third part of this chapter is devoted to sketching the structure of
this thesis and summarizing the content of each chapter.
1.1 Topological Spaces: Some Preliminaries
Mathematically speaking, topology refers to the study of the property of manifolds
from a global point of view, and the classification of maps between manifolds by
certain quantities which are robust against smooth deformations of these maps. This
is, in some sense, opposite to a geometric viewpoint, which focuses on properties of a
manifold in local regions where the manifold may be approximated by an Euclidean
space [117]. But topology and geometry are related, since intuitively one should be
able to uncover the global feature of a manifold by summing up its local properties.
In mathematics, an elegant example in which the relation between geometry and
1
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topology is established is the Gauss-Bonnet theorem [133], which states that for
any closed, oriented and smooth two-dimensional surface S embedded in a three-





Ωdσ = 2(1− g), (1.1)








Here x, y, z are Cartesian coordinates. dσ is an area element on surface S and
g is the genus (roughly speaking, number of “holes”) of S. From Eq. (1.1), it is
not hard to see that g is an integer and it will not change its value under smooth
deformations of S, which cannot create or remove holes. Thus g serves as an example
of a topological invariant, and surfaces with different genuses belong to different
topological “phases”. For example, a sphere has a genus g = 0 and a doughnut or a
coffee cup has a genus g = 1. It is intuitively clear that one cannot smoothly deform
a sphere into a doughnut without making a hole.
For the convenience of the reader, here we collect several formal definitions
concerning topological spaces and their relations [117]. The key concept for defining
a topological space is the open set. For a set X with a collection of subsets T =
{Uj |j ∈ I}, if we have (i) ∅, X ∈ T , (ii) the union of any number of elements in T
belongs to T and, (iii) the intersection of a finite number of elements in T belongs to
T , then the elements in T are called open sets and T defines a topological structure
in X. A topological space is referred to the pair (X, T ). For two topological spaces
X and Y , a map f : X → Y is continuous if the inverse image of an open set
in Y is an open set in X. Furthermore, if f is invertible and the inverse map
f−1 : Y → X is also continuous, f is called a homeomorphism, and X,Y are said to
be homeomorphic to each other. Homeomorphism is an equivalence relation and one
can use it to classify topological spaces into different topological classes. In each of
2
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these classes, all the topological spaces share the same set of topological invariants.
That is, the values of these invariants are conserved under the homeomorphism. In
this sense homeomorphism is the strongest type of topological equivalence. Another
relatively “weak” topological equivalence is the homotopy type. Two topological
spaces are called homotopy equivalent if there exists continuous maps f and g with
f : X → Y and g : Y → X, but f and/or g might not be invertible. The
homotopy-type classification is widely used in condensed matter and periodically
driven systems [79, 139].
We will stop our journey in mathematics here. Interested readers may con-
sult [44] or [117].
1.2 Topological Phenomena in Condensed Matter Physics:
A Bird’s-Eye View
Integer quantities have maintained their attractiveness to physicists for a long time
in human history. Their roles in describing our physical world become increasingly
important with the development of quantum mechanics in the 20th century. Some
quantum numbers (like the angular momentum) take integer values due to certain
symmetry properties, and lose their quantumness when the relevant symmetries
are broken. Some other quantum numbers have topological origins and preserve
their identities under relatively strong local perturbations. Such kinds of quantum
numbers could also have close connections with continuum theory, for instance the
Dirac’s magnetic monopoles, which could be interpreted as topological singularities
of a field [159].
In condensed matter physics, due to the insensitivity to material details, topo-
logically quantized quantities could be important in high-precision measurements
and high-accuracy information processing. Devices based on this kind of quantity
include SQUID magnetometer, Josephson voltmeter, quantum Hall and topological
insulators, and possibly, topological quantum computers in the future [59, 119, 123,
3
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128, 159]. Other kinds of topological numbers might not be directly relevant to ob-
servable quantities (e.g., current in transport measurement), but they are still useful
in classifying phases of matter and phase transitions. For example, the circulation
in superfluid 4He and B-3He are characterized by a Z2 topological invariant which
classifies defects and determines whether two states in the system can be continuous-
ly deformed into one another. In two-dimensional systems, topological defects like
vortices and dislocations could also mediate topological phase transitions [73, 159].
Compared to more conventional types of quantum phase transitions, topological
quantum phase transitions are usually characterized by quantized change of non-
local (topological) order parameters through the phase transition points. Moreover,
topological phase transitions are in general not accompanied by symmetry breaking
and no singularity points appear in the ground state energy of the system or its
derivatives around the phase transition points [98]. In recent decades, these novel
topological phenomena, their classifications and their potential applications in fu-
ture quantum technologies have become one of the focuses of research in the physics
community [14, 39, 42, 59, 128, 178].
In the studies of topological phases of matter, the Chern insulator model plays
an important role. The experimental discovery of the first Chern insulator dates
back to 1980. In low temperatures and strong magnetic fields, von Klitzing et al
observed unconventionally and precisely quantized resistance plateaus in quantum
Hall transport measurements [83]. This phenomena was later explained by Laugh-
lin in terms of Landau level quantization and disorder mediated midgap states [93].
But the deep reason for its robustness against device details was finally uncovered
in a seminal paper in 1982, in which Thouless et al showed that the quantized Hall
conductance is given by the summation of band Chern numbers (sometimes called
TKNN invariants) below the Fermi surface [157]. With a topological origin, the ro-
bustness of quantized Hall transport against disorder and material details becomes
an intuitive result and it has been used as a standard to measure resistivity. At
even lower temperatures and purer samples, fractional topologically quantized con-
4
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ductances due to strong correlations between electrons were also observed in later
years [163]. Up to this stage, it seems that a strong magnetic field is an indis-
pensable ingredient to the realization of quantum Hall effect. However, in 1988,
Haldane pointed out that a more fundamental reason for the emergence of topolog-
ically quantized chiral transport is the breaking of time-reversal symmetry (TRS).
Using a honeycomb lattice model with next-nearest-neighbor (NNN) hoppings and
staggered magnetic fluxes, Haldane demonstrated that the system shares similar
topological features characterized by Chern numbers as the conventional quantum
Hall effect, even if the net magnetic flux is zero [55]. Though it looked artificial
and experimentally illusory at that time, Haldane’s toy model gradually played the
role of a standard model of Chern insulators, and strongly motivated later studies
in graphene, topological insulators and the like [14, 39, 59, 128]. With the develop-
ment of versatile and highly-controllable quantum simulators, Haldane’s model was
finally realized in periodically driven cold atom systems [74]. We will also study one
such periodically driven Chern insulator system in this thesis.
Accompanying the fascinating developments of Chern insulator physics, another
fundamental concept has been proposed in quantum mechanics. In 1984, based on
previous studies, Berry demonstrated that in a cyclic adiabatic evolution, a quantum
state will pick up an additional phase factor, which is gauge-invariant and depends
only on the geometry of the path traced by the state in the parameter space [11].
This phase factor underlies many physical phenomena discovered before in a wide
range of fields (e.g., the Aharonov-Bohm effect) [15, 142]. In a 1989 paper, Zak
emphasized that the Berry phase also plays an important role in characterizing
electronic properties of solid state materials [183]. Here geometry and topology
meet with each other by the fact that the integration of the band Berry curvature (a
geometric quantity) over a two-dimensional (2D) Brillouin zone (BZ) gives the Chern
number of an isolated energy band. The Chern number is a topological invariant
which can only take integer values, and it exactly equals the Hall conductivity of the
band ( the unit being the conductivity quantum). Based on these observations, more
5
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and more connections have been established between Berry phase and dynamics of
band electrons in electromagnetic (EM) fields, at both semiclassical and quantum
levels [181].
One important example of this connection is the relation between Berry phase
and the quantized adiabatic particle transport. In 1983 [158], Thouless showed
that in a one-dimensional (1D) periodic lattice driven by a slowly and periodically
evolving external field, the number of particles pumped through a unit cross section
perpendicular to the direction of the lattice over one adiabatic cycle is quantized if
the initial state uniformly fills an isolated Bloch band. When the 2D adiabatic BZ
spanned by the 1D lattice quasimomentum and the adiabatic periodic parameter
is considered, the number of pumped particles over one adiabatic cycle actually
equals the Chern number of the 2D adiabatic energy band, which is given by the
integration of the band Berry curvature over this 2D BZ. Thus Thouless’s quantized
adiabatic pumping also shares the same topological origin as the 2D quantum Hall
effect, which could be traced back to the Berry phase accumulated by electronic wave
functions in adiabatic cyclic evolutions. Due to its topological origin, the quantized
adiabatic transport proposed by Thouless is also robust against substrate disorder
and many-body interactions [120]. This indicates that Thouless’s pump could serve
as a powerful platform to study transport in higher-dimensional topological phases
and quantum dynamics under high-precision external controls. Thanks to the fast
development of engineered quantum simulators [97], diverse extensions of Thouless’s
pump have been proposed to realize in artificial quantum systems, e.g., cold atoms
in optical lattices and photonic systems [12, 24, 25, 88, 104, 112, 114, 151, 173, 177].
Recently, two groups have reported their experimental realizations of Thouless pump
in ultracold bosonic and fermionic systems [40, 41].
In its original formalism, there is only one slowly evolving potential in Thou-
less’s pump. If the system is also driven by another time-periodic field which sweeps
with a much higher frequency compared with the slow one, the long-time (adiabatic)
dynamics of the system could be captured by its Floquet bands and their correspond-
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ing eigenstates [56]. Since Floquet bands refer to quasienergy dispersions which are
bounded and could wind around their BZ, there are no such concepts like ground
states and Fermi levels. Moreover, the added driving field could modify the hopping
range of particles in the lattice and even induce non-perturbative effects. Thus, as
inherently non-equilibrium settings, the topology of Floquet bands and their result-
ing dynamics could be quite different from their static counterparts. In an early
study along this line of thought, it was shown that quantized acceleration relating
to Floquet band Chern numbers could be achieved in a modified ratchet accelerator
model, which was initially proposed to study quantum chaos and quantum-classical
correspondence [31]. In this study, the Thouless’s topological pump was extended
to Floquet systems and the quantized transport in position space found its partner
in the momentum lattice. Later, quantized and more general kinds of adiabatic
pumps are also studied in other periodically driven superlattices [171, 188]. More-
over, the discovery in [31] reveals a colorful world of Floquet topological phases,
which has been undergoing fast developments in the past few years. For reviews,
see [19–21, 38, 49, 50, 70, 78, 79, 81, 137].
Since a quantum system is always coupled with its environment, another in-
teresting and important question is how robust a topological phase or its relevant
quantum pump would be if the system is coupled to a bath. Other than the adia-
batic pump formalized by Thouless, there is another type of quantum pump, which
is tailored to mesoscopic systems, like quantum dots coupled with leads. These
kinds of systems are open in nature, and the central object for describing their
transport phenomena is the scattering matrix [181]. In 1998, Brouwer derived a
formula which describes the number of pumped particles over an adiabatic cycle
realized by manipulating two external parameters to enclose a closed area in the
parameter space [17]. Later it was pointed out that this adiabatic pump also has
a geometric interpretation, and the number of pumped particles is related to the
Berry phase of the scattering matrix [187]. However, a scattering matrix formalism
of open quantum pumps is not very appropriate to describe adiabatic transport in
7
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some other kinds of engineered quantum systems, e.g., cold atoms in optical lattices,
where a density matrix description seems more proper. And there are also no clear
connections between these open quantum pumps and topological properties of the
system.
To study topological phases and quantized adiabatic transport in open systems,
one needs certain geometric and topological characterizations of density matrices.
In an early stage, Uhlmann proposed a geometric phase for density matrices using
the parallel transport of their amplitudes in a Hilbert space [66, 164–166]. Such a
phase factor is sometimes called the Uhlmann phase and it can be understood as
an extension of the Berry phase to density matrices. In several recent publications,
it was shown that the Uhlmann phase can be used to construct topological invari-
ants (Uhlmann number), which might be able to characterize topological ordered
phases at finite temperatures in one and two spatial dimensions [64, 167, 168]. Us-
ing several popular toy models of topological insulators and superconductors, the
authors demonstrated that there are topological phase transitions at finite temper-
atures accompanied by quantized change of Uhlmann numbers. But up to now,
it is unclear of whether these density matrix topological invariants are related to
transport properties of open quantum systems. In another interesting study [9],
Avron considered a pure-dephasing Lindblad evolution and showed that for a filled
Bloch band, the number of pumped particles over one adiabatic cycle is not quan-
tized at a finite and positive dephasing rate, but still have a geometric nature. The
corresponding transport coefficient is a combination of dephasing modified Berry
curvature and Fubini-Study metric. In this thesis we will consider an extension of
their results to general initial states and multiple band cases.
All these fascinating developments mentioned above serve as our motivations in
studying adiabatic pumping in Floquet and open quantum systems. In the following
section we will briefly summarize the content of each chapter in this thesis.
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1.3 Outline of the Thesis
In this chapter, we have collected and briefly reviewed some key themes which mo-
tivates the development of this thesis. In the first section, we recaped some math-
ematical preliminaries about topological spaces and their relations. In the second
section, we gave a compact historical overview concerning topological numbers in
non-relativistic quantum physics, mainly focusing on their roles in classifying and
characterizing phenomena in condensed matter and engineered quantum systems.
In the second chapter we set the theoretical background of this thesis. We start
by reviewing the concept of Berry phase in quantum adiabatic cyclic evolutions,
and connecting it with the Chern number of a two-dimensional closed parameter
space manifold. After that we will discuss the Bloch theorem and the resulting
band structures. As an alternative representation, we will also discuss the Wannier
states which are coherent superpositions of Bloch states. With all these concepts
in mind, we will derive Thouless’s seminal results on adiabatic particle transport
in one-dimensional spatial-periodic systems, and collect several of its alternative
forms under different gauge choices. It will be shown that, for a filled and isolated
energy band, the pumped number of particles over one adiabatic cycle is quantized
as the Chern number of the band. In an alternative picture, the shift of a Wannier
state center over one adiabatic cycle is given by the same Chern number multiplied
by the lattice constant of the system. The quantized pumping due to Thouless
indeed shares the same topological origin as the quantum Hall effect in 2D. And
the quantized pumping of Wannier states underlies the polarization phenomena in
crystalline solids. We will also briefly mention that the quantization of the Thouless
pump is robust against disorder and inter-particle interactions, so long as the many-
body ground state is well-gapped and non-degenerate.
When the system is driven by another external time-periodic field, its long time
dynamics could be described by its Floquet bands and their corresponding eigen-
states. In the second part of chapter 2, we will discuss an extension of Thouless’s
pump to Floquet systems. We will show that for a filled Floquet band, the number
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of pumped particles over one adiabatic cycle is also quantized as the Chern num-
ber of the band. Due to the possibility to realize a periodic lattice in momentum
space, novel phenomena like quantized acceleration with a topological origin could
be achieved in such kinds of systems. At the end of this chapter, we sketched an
efficient method for computing Chern numbers of an isolated (quasi-) energy band
or a collection of touched (quasi-) energy bands.
In the third chapter, we will study several typical models which could support
static or Floquet topological phases. They include: the Landau-Zener model, the
Qi-Wu-Zhang (QWZ) model, and the Harper model. These models or their variants
will either be studied in later chapters of this thesis, or be used to demonstrate our
results.
In the forth chapter, we will study topological and transport properties of a
harmonically driven superlattice. There we will show that the Floquet bands of
the system have non-zero Chern numbers which are generally different from those
in the original static model. Topological phase transitions (accompanied by the
jump of Chern numbers) could take place as we tune the amplitude or period of the
driving field. The non-trivial Floquet band topology manifests via the quantized
transport of Wannier states in the lattice. Under certain parameter choices, very
flat yet topologically non-trivial Floquet bands emerge, a feature potentially useful
for simulating the physics of strongly correlated systems. In some cases with an
even number of Floquet bands, the spectrum features linearly dispersing Dirac cones
which hold potential for the simulation of high energy physics or Klein tunnelling.
Taking open boundary conditions, we observe anomalous counter-propagating chiral
edge modes and degenerate zero modes. We will also discuss a proposal to realize
this system experimentally.
As we mentioned in Sec. 2 of this chapter, in Floquet systems there is no guaran-
tee to have the uniform filling of a single Floquet band. In general, several Floquet
bands will be populated and the topological pumping discussed in Chap. 4 is not
directly applicable. In the fifth chapter, we study adiabatic pumping in Floquet
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systems with general kinds of initial states. There we show that under one sym-
metry assumption, the displacement of the wave packet center over one adiabatic
cycle is comprised by two components independent of the time scale of the adiabatic
cycle: a weighted integral of the Berry curvature summed over all Floquet bands,
plus an interband coherence induced correction. This correction is beyond a naive
application of the quantum adiabatic theorem but survives in the adiabatic limit
due to interband coherence. These theoretical results are hence of general interest
towards an improved understanding of the quantum adiabatic theorem. Our theory
is checked using a periodically driven superlattice model with nontrivial topological
phases. In addition to probing topological phase transitions, the adiabatic dynamics
studied there would be useful in manifesting coherence and decoherence effects in
the representation of Floquet bands.
It is well known that a quantum system will in general undergo decoherence
when it is coupled to a bath. In the sixth chapter, we will study how the adia-
batic quantum pumping will be modified when a quantum system is subjected to
a pure dephasing Lindblad evolution. We will first show that, for general kinds
of initial states, the dephasing will induce a correction to transition probabilities
among adiabatic eigenbasis, which is inversely proportional to the adiabatic time
scale. Such a correction term has been found before in a specific system for simple
initial states and it emerges solely due to the dephasing, which tends to suppress
coherent population oscillations in an adiabatic process [8]. Our findings go beyond
previous discoveries to show that the inter-level coherence in the initial state could
also strongly modify the transition probability in an adiabatic process, even if there
is a finite and positive dephasing rate. Based on these observations and one symme-
try assumption, we will derive the number of pumped particles in one-dimensional
spatially-periodic systems under adiabatic pure-dephasing Lindblad evolutions. For
general kinds of initial states, the number of pumped particles is composed of two
parts: a geometric part weighted by the initial population on each band, and a
dynamical one, which survives in the adiabatic limit due to interband coherence in
11
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the initial state. When the initial state uniformly fills one band, our results will
reduce to previous results in Ref. [9]. When the dephasing is switched off, the adi-
abatic pumping reduces to a form parallel to our previous discoveries in Ref. [171].
Our theory is numerically checked in a two-band Chern insulator model coupled to
a pure dephasing bath. This study would contribute to our understanding of the
effect of dephasing on transport in topologically nontrivial systems and on coherent
control of quantum dynamics.
In the final chapter, we sum up the materials we discussed in this thesis and




The notion of Berry phase has been used to explain versatile phenomena in many
branches of physics. Its application in describing geometric and topological proper-
ties of wave functions has received a wide range of interest in recent years, mainly
due to the fast development of generating topological phases in condensed matter
physics. Under the paradigm of Berry phase, certain seemingly unrelated phenom-
ena, like quantized charge pumping, electric polarization, quantum Hall effect and
its descendants, could be understood from a unified perspective.
In this chapter, we will first review the concept of adiabatic evolution in quan-
tum mechanics, where the Berry phase becomes non-negligible when a closed path in
parameter space is considered. After deriving the Berry phase in a general setting,
we will apply it to understand certain phenomena in spatial and/or temporal peri-
odic systems. To achieve this goal, we will first introduce the Bloch theorem, and
discuss its resulting states and band structures. In an alternative representation,
the Wannier state will also be briefly discussed. After these preparations, we will
derive quantized adiabatic pumping in spatially periodic one-dimensional systems,
and show that this phenomenon could be interpreted in terms of the Berry phase.
In recent years, the concept of Berry phase has also been applied to describe certain
phenomena in spatial-temporal periodic systems. To understand these progresses,
we first review the basics of Floquet formalism, within which the physics of a peri-
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odically driven quantum system could be described by its Floquet bands and their
corresponding eigenstates. Then the concept of quantized adiabatic pumping will
be extended to spatial-temporal and momentum-temporal periodic systems, and
some intriguing phenomena like the quantized pumping in momentum space (i.e.
quantized acceleration) will be briefly reviewed. At the end of this chapter, we will
sketch the numerical method to compute Chern numbers for (quasi)energy bands,
which will be frequently used in later chapters of the thesis.
2.1 Cyclic Adiabatic Evolution and Berry phase
In this section, we will first review the quantum adiabatic theorem. Then we will
show that the Berry phase emerges as a non-negligible quantity when a cyclic path
in the parameter space is considered. We will closely follow Ref. [181].
We start with a physical system described by a HamiltonianH (~s), which depend-
s on time through a set of parameters: ~s = ~s(t) = (s1, s2, ...). The time-evolution of
the system is governed by the Schrödinger equation:
i
d
dt |Ψ(t)〉 = H[~s(t)] |Ψ(t)〉 , (2.1)
or equivalently
d
dtρ(t) = −i[H[~s(t)], ρ(t)], (2.2)
where ρ(t) = |Ψ(t)〉 〈Ψ(t)|. Throughout this thesis, we set the physical Planck
constant ~ = 1. To study the adiabatic evolution of the system as ~s moves slowly
along a path C in the parameter space, we introduce an instantaneous orthonormal
basis from the eigenstates of H(~s) at each value of the parameter ~s:
H(~s) |n(~s)〉 = En(~s) |n(~s)〉 . (2.3)
Here the instantaneous eigenstate |n(~s)〉 is uniquely determined up to an ~s-dependent
phase factor, which can be fixed by a gauge choice. To proceed further, we require
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the phase of instantaneous eigenstates to be smooth and single-valued along the
path C in the parameter space. Under this gauge choice, we expand the state of the









ρmn(~s) |m(~s)〉 〈n(~s)| . (2.5)
Here we have used the fact that in the instantaneous eigenbasis of H(~s), both the
amplitude an(~s) and the density matrix element ρmn(~s) are functions of ~s. In the
following, we will prove the adiabatic theorem for the evolution of density matrix,
which emphasizes that it is the population rather than the amplitude that is con-
served in an adiabatic process. Also this formalism would be helpful for us to discuss
the effect of dephasing in an adiabatic process in Chapter 6 of the thesis. Plugging














ρmn(~s) [Em(~s)− En(~s)] |m(~s)〉 〈n(~s)| .
(2.6)
When m = n = j, by projecting both sides of Eq. (2.6) into the eigenbasis |j(~s)〉,







ρmj(~s) 〈j(~s)| ddt |m(~s)〉+ h.c.
]
. (2.7)
In obtaining Eq. (2.7), we have used the fact that for any normalized state |j(~s)〉
we have ∂t [〈j(~s)|j(~s)〉] = 0. Since ρjj(~s) and |m(~s)〉 are both functions of ~s, we can
write ddtρjj(~s) = ~v · ∇~sρjj(~s) and ddt |m(~s)〉 = ~v · ∇~s |m(~s)〉, where ~v = d~sdt = |~v|vˆ
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, ∂∂s2 , ...
)
is the gradient operator along the tangent direction of the
path. Using these notations, we find that when |~v| 6= 0, Eq. (2.7) can be written as:
vˆ · ∇~sρjj(~s) = −
∑
m 6=j
[ρmj(~s) 〈j(~s)| vˆ · ∇~s |m(~s)〉+ h.c.] . (2.8)
To proceed further, we act 〈j(~s)| · · · |m(~s)〉 with j 6= m on both sides of Eq. (2.6).
The resulting expression reads:
ρmj(~s) = i
|~v|vˆ · {∇~sρmj(~s) +
∑
n [ρnj(~s)〈m(~s)|∇~s|n(~s)〉 − ρmn(~s)〈n(~s)|∇~s|j(~s)〉]}
Em(~s)− Ej(~s) .
(2.9)
Here we have assumed that the instantaneous spectrum ofH(~s) has no crossings (lin-
ear touchings) for all ~s. Plugging Eq. (2.9) into Eq. (2.8), we end with the following
equation of motion for the population in the instantaneous eigenbasis of H(~s):
vˆ · ∇~sρjj(~s) = −|~v|
∑
m 6=j
[Dmj(~s) 〈j(~s)| vˆ · ∇~s |m(~s)〉+ h.c.] , (2.10)
where
Dmj(~s) ≡ i vˆ · {∇~sρmj(~s) +
∑
n [ρnj(~s)〈m(~s)|∇~s|n(~s)〉 − ρmn(~s)〈n(~s)|∇~s|j(~s)〉]}
Em(~s)− Ej(~s) .
(2.11)
The left hand side of Eq. (2.10) may be further written as
vˆ · ∇~sρjj(~s) = ~v|~v| · ∇~sρjj(~s) = |~v|
−1 d
dtρjj(~s). (2.12)





[Dmj(~s) 〈j(~s)| vˆ · ∇~s |m(~s)〉+ h.c.] . (2.13)
The adiabatic limit refers to the case |~v| → 0. Then from Eq. (2.13), we obtain
d
dtρjj(~s) = 0. This is the main result of the quantum adiabatic theorem, i.e., the
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population in each eigenstate |j(~s)〉 of the instantaneous Hamiltonian H(~s) is con-
served throughout the adiabatic process:
ρjj [~s(t)] = ρjj [~s(t0)], (2.14)
where t0 is the starting time of the evolution.
For a closed quantum system, one can write ρjj(~s) = a∗j (~s)aj(~s), where aj(~s) =
〈j(~s)|Ψ(t)〉. Then due to the quantum adiabatic theorem, we have |aj(~s)| = |aj(~s0)|,








where the second exponential is known as the dynamical phase factor and ~s0 = ~s(t0).
To obtain an explicit expression for the phase factor of the first exponential, we
assume initially only the state |n(~s)〉 is populated, which means an(~s0) = 1. Then




An(~s) · d~s mod 2pi = i
∫ ~s
~s0
〈n(~s)| ∇~s |n(~s)〉 · d~s mod 2pi. (2.16)
Here An(~s) is called the Berry connection or Berry vector potential, and γn(~s)
is called the Berry phase. The fact that γn(~s) does not depend on how fast the
parameter ~s changes indicates its geometric nature. As a connection, the value of
An(~s) depends on specific gauge choices:
|n(~s)〉 → eiχ(~s) |n(~s)〉 =⇒ An(~s)→ An(~s)−∇~sχ(~s), (2.17)
where χ(~s) is a smooth function of ~s. Eq. (2.17) means that locally one can always
choose a gauge in which the effect of geometric phase on the system’s dynamics
could be suppressed. But as pointed out by Berry [142], this is not the case when
global dynamics is considered. To see this, we consider a closed path C : ~s(0)→ ~s(t)
with ~s(T ) = ~s(0). Our smooth and single-valued phase choice for the basis function
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then requires that χ[~s(T )] = χ[~s(0)] mod 2pi. This means that when a closed loop
in the parameter space is considered, the local gauge choice in Eq. (2.17) can only
change the geometric phase by an integer multiple of 2pi. Thus for a cyclic adiabatic




An(~s) · d~s (2.18)
In this definition it is clear that the Berry phase only depends on the geometry of
the closed path C.
Though the Berry connection defined in Eq. (2.16) is gauge-dependent, it can
induce an adiabatic curvature which is gauge independent in nature. This is the
Berry curvature, which is defined as:
Bn(~s) = ∇~s ×An(~s) = i 〈∇~sn(~s)| × |∇~sn(~s)〉 . (2.19)












2 [〈∂µn(~s)|∂νn(~s)〉 − h.c.] dsµ ∧ dsν , (2.20)
where µ and ν run over all indices of ~s and the Einstein summation rule has been
assumed. S is an arbitrary surface enclosed by the path C. The operator ∧ de-
notes the wedge product which is anti-symmetric and ∂µ = ∂∂sµ . As an application,
consider two parameters s and k forming a closed two-dimensional manifold (i.e.,






[〈∂sn(~s)|∂kn(~s)〉 − h.c.] dsdk (2.21)
defines the Chern number of the adiabatic energy band n, which is a topological
invariant and can only take integer values. Physically it can be understood as the
number of monopoles inside the manifold. Note that the Chern number defined
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here has a sign ambiguity due to our random choice of the orientation of the mani-
fold. Later we will encounter this quantity again in our discussion of the quantized
adiabatic pumping.
Before ending this section, we note that by inserting I = ∑m |m(~s)〉〈m(~s)| (the
identity), the component of Berry curvature in Eq. (2.20) can be cast into another
equivalent form:
Bµνn (~s) = i
∑
m 6=n










Writing in this form, the Berry curvature is free of gauge choices for the instanta-
neous eigenstates and thus is useful in analytic derivations. Moreover, by summing
over all band indices n, one can see that the Berry curvature given in Eq. (2.22) is
locally conserved: ∑
n
Bµνn (~s) = 0. (2.23)
The form of Berry curvature given in Eq. (2.22) will also be used in later chapters
of this thesis.
2.2 Bloch Theorem
In this section we will recap the basis of Bloch theorem. We focus on one-dimensional
formalism which suffices for the study in later parts of the thesis. For more examples
on applications of this theorem, one may refer to Ref. [51]. We will closely follow
the presentation of Ref. [51] in this section.
Consider a quantum particle in an infinite one-dimensional periodic lattice with
the lattice potential V (x) = V (x + ma), where m ∈ Z label unit cells and a is the
lattice constant. The eigenvalue equation of the particle reads:
HΨ(x) = EΨ(x) H = −12
∂2
∂x2
+ V (x). (2.24)
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Here we set the mass of the particle M = 1. The periodic potential V (x) can be








When V (x) = 0, eigenstates of H are simply plane waves ϕk(x) = 1√Le
ikx with
eigenenergies k22 , where k denotes the wave vector and L represents the length of







Thus under the action of H, the plane wave state ϕk(x) is scattered into a subspace
Sk ≡ {ϕk(x), ϕk+p1(x), ϕk−p1(x), ϕk+p2(x), ϕk−p2(x), ...} . (2.27)
The subspace Sk is closed under the action of H, which means that the wave vector
k is a good quantum number and H can be diagonalized within each subspace Sk,
with the corresponding eigenstate ψk(x) and eigenenergy E(k). We also notice that
for any pairs of k and k′ that differ by an integer multiple of 2pia , their corresponding
subspaces are equivalent, i.e., Sk ∼= Sk′ . This allows us to define a fundamental
region in k-space, within which each pair of subspaces Sk and Sk′ with k 6= k′ are
decoupled. Such a region includes all possible k labeling independent subspaces Sk










Geometrically this is a circle with two ending points identified. From now on we
will refer to k in the first BZ as quasimomentum or Bloch momentum, interchange-
ably. Though the real momentum of the particle is not a conserved quantity due
to the presence of the scattering potential V (x), the quasimomentum (kmod 2pia ) is
conserved due to the translational symmetry.
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With the above observations, we can now focus on a specific subspace Sk. Using

















c(k + pn)ei2pinx/a = uk(x+ma) (2.30)
for any m ∈ Z. Equivalently we have ψk(x+ qm) = eikqmψk(x) with qm = ma. We
state the main content of the Bloch theorem (in one-dimension) as follows:
• The eigenstates of a spatial-translation invariant Hamiltonian H can be or-
ganized into decoupled subspaces Sk, each labeled by a quasimomentum k
uniquely defined in the first BZ.
• Any physically acceptable solution of the Schrödinger equation in a periodic
potential takes the form of a traveling wave eikx modulated on the unit cell
scale by an appropriate function uk(x) with the lattice periodicity a. The
wave function ψk(x) at any two points of the lattice differing by a translation
vector qm are related by a phase factor eikqm .
Before ending this section, we will discuss some details about the choice of
boundary conditions. Consider the position coordinate x belongs to [0, L] with
L = Na. N is the total number of unit cells. In addition to facilitating the s-
tudy of edge phenomena under open boundary conditions, introducing a finite N
is also convenient in counting states and distributing particles in energy bands. In
order to exclude boundary effects and focus on bulk physics, one can take the pe-
riodic (Born-von Karman) boundary condition (PBC) for the wave functions. It
requires ψk(x) = ψk(x+ L). This condition restricts the acceptable values of Bloch
quasimomentum k to a discrete set of points in the first BZ:
k = 2pim
Na








2 − 1. (2.31)
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If the wave function is a superposition of Bloch waves, this condition should be
satisfied for each k separately since Sk at different k are linearly independent. Thus
under PBC, the first BZ contains a set of uniformly distributed k points, whose
number equals the number N of unit cells of the lattice.
2.3 Wannier Functions
In this section we introduce Wannier functions as an alternative representation of
Bloch waves [113]. Since Bloch functions at different k have different envelop func-
tions eikx, it is possible to build a localized wave packet by superposing Bloch
functions at different k. A broad superposition in k space is required to achieve a
well-localized wave packet, and a convenient choice is given by an equal-amplitude
superposition all across the first BZ, i.e.,










Here wn(x− ql) is called the Wannier function centered around the lth unit cell, n
denotes the band index and the PBC has been implemented. In this definition we
have also assumed that the band n is well isolated from all the other bands. Using
the fact that the periodic part of the Bloch function defined in Eq. (2.30) is unit
cell normalized, both Bloch functions and Wannier functions defined in Eq. (2.32)
are normalized in the whole lattice:
∫ L
0
ψ∗m,k(x)ψn,k′(x)dx = δm,nδk,k′ ,
∫ L
0
w∗m(x−qi)wn(x−qj)dx = δm,nδi,j . (2.33)
For an infinitely long lattice, it is more convenient to formulate Bloch and Wannier






e−ikqj |ψn,k〉dk, |ψn,k〉 =
∑
j
eikqj |wn(qj)〉 . (2.34)
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Note that here |ψn,k〉 is only normalized to one unit cell, while |wn(qj)〉 is still
normalized to the whole lattice.
In numerical calculations, the gauge degree of freedom that hides in the Bloch
state could strongly affect whether a Wannier state prepared in terms of Eq. (2.32)
or Eq. (2.34) is well-localized or not. To obtain a localized Wannier state, a smooth
gauge should be chosen such that ∂k |un,k〉 is well-defined at all k across the first BZ.
This is because for a typical Fourier transform, the smoother the reciprocal-space
object is, the more localized the resulting real-space object will be, and vice versa.
For an isolated band, a brute force procedure to prepare a well-localized Wannier
state in one-dimension is summarized as follows:
• Discretizing the first BZ into N points (corresponds to N unit cells).
• Diagonalizing the momentum space Hamiltonian at each quasimomentum k
across the whole BZ.
• Choosing a smooth gauge for the collection of Bloch states |ψn,k〉 obtained
before.
• At each k, projecting the Bloch state |ψn,k〉 into position representation using
ψk(x+ ql) = eikqlψk(x).
• Superposing all the Bloch states to generate the Wannier state by Eq. (2.32)
or Eq. (2.34).
In the third step, there are several ways to introduce smoother phase conven-
tions for the eigenstates obtained by numerical diagonalizations. The method we
employ in this thesis is detailed in Sec. 4.3 of Ref. [32]. There exists more advanced
techniques to prepare maximally localized Wannier states. Interested readers may
consult Ref. [113].
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2.4 Quantized Adiabatic Pumping
With all the preparations above, we will discuss quantized adiabatic pumping in this
section. Here we follow Thouless’s original setting in which an infinitely long one-
dimensional periodic lattice is considered. Some other possible settings to realize
quantized adiabatic pumping will be briefly mentioned at the end of this section.
Adiabatic quantum pumping refers to wave packet transport induced by slow-
ly and periodically varying certain system parameters. Consider noninteracting
electrons moving in an infinitely long one-dimensional lattice. The system’s Hamil-
tonian H, depending on time through a control parameter s, is periodic in time, i.e.,
H[s(t)] = H[s(t+T )], where T denotes the period of the external driving field. In the
momentum representation, the system is described by the HamiltonianH = H(k, s),
where k ∈ [−pia , pia ) represents the quasimomentum which is time-independent, with
a being the lattice constant. In the following derivation we will set a = 1. Now
suppose the control parameter s sweeps slowly over one cycle from s0 = s(t0) to
sT = s(t0 + T ) (here by slow we mean that the sweeping speed v = dsdt is much
smaller than the minimal band gap of the system). Then for a general initial state
given by an incoherent summation of Bloch states at different k (each of them could
be a superposition of eigenstates across different bands), its flux along the direction
of the lattice (or say the number of particles pumped through a unit cross section













Here ∂H(k,s)∂k defines the group velocity of the particle with quasimomentum k and the
factor v−1 comes from the replacement dt = v−1ds. For each k, the time-evolution
of ρk(s) is governed by Eq. (2.2). Bloch states at different k can be considered
separately because the quasimomentum k is a conserved quantity in our adiabatic
process. To derive an explicit expression for the integrated particle number flux Q,
we will use the adiabatic perturbation theory, which refers to a series expansion of
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ρk(s) with respect to the sweeping speed v. In the following derivation we will hide
the explicit k- and s-dependence in all states and operators for brevity.






i 〈m| ρ˙ |j〉
Em − Ej 〈j| ∂s |m〉+ h.c.
]
. (2.36)
Here ρ˙ = dρ(t)ds . In this notation ρ(t) should be understood as a matrix in the
spectral representation of H(k, s), i.e., ρ(t) ≡ ∑ln ρln(s)|l(s)〉〈n(s)|, where l and n
are energy level indices. Also we assumed here that s(t) is an invertible function of
t for t ∈ [t0, t0 + T ). To derive the non-adiabatic correction to the population up to












n (ρnj 〈m| ∂s′ |n〉 − ρmn 〈n| ∂s′ |j〉)





The first term on the right hand side of Eq. (2.37) is the initial population on
band j. In general it may have a huge contribution to the pumping in an adiabatic
process. But if both the initial state ρk(s0) and H(k, s) have k-reflection symmetries
in the first BZ, the contribution of this term to the number of pumped particles is
automatically zero. We will assume this is true in this section. Let’s then focus on
the second line of Eq. (2.37). The series expansion in the adiabatic perturbation
theory could be developed in an iterative manner. To obtain the first order correction







One can see that if one performs an integration of the second exponential over s by
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the resulting terms are at least of first order in v. This indicates that after an
integration over s′ by parts in Eq. (2.37), the terms proportional to ρnj(s) with
n 6= j and to ρmn(s) with m 6= n have no contributions to the change of population
ρjj(s) up to first order in v. Ignoring these higher order terms, Eq. (2.37) reduces
to







ρ˙mj + (ρjj − ρmm) 〈m| ∂s′ |j〉













(ρjj − ρmm) 〈m| ∂s′ |j〉




since the first term in the square brackets is imaginary. Performing an integration























The correction due to the first term in Eq. (2.42) is at least of order O(v2) if we
perform an integration by parts over s′ again as what we did in obtaining Eq. (2.39).
Plugging the second term of Eq. (2.42) into Eq. (2.35), we find that the resulting
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 ∂kEj(k, s). (2.43)
Using Eq. (2.39) once again, we see that in the adiabatic limit, the only remaining


















We see that this non-quantized charge pumping originates from the inter-band
coherence (IBC) in the initial state. Its role in the quantum adiabatic pumping
will be discussed in later chapters of the thesis. To see the quantized pumping, we
simply assume that there is no IBC [ρmj(s0) = 0] in the initial state. Under this
assumption, Eq. (2.44) has no contribution to the adiabatic pumping, and thus the
adiabatic particle pumping should originates solely from non-adiabatic corrections
to off-diagonal density matrix elements. Since the exact expression for off-diagonal




n (ρnj 〈m| ∂s |n〉 − ρmn 〈n| ∂s |j〉)
Em − Ej , (2.45)















(ρnj 〈m| ∂s |n〉 − ρmn 〈n| ∂s |j〉)
]
〈j| ∂k |m〉 .
(2.46)
Follow the same argument we made before in dealing with Eq. (2.37), after dropping
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ρjj (〈∂sj|m〉 〈m|∂kj〉 − 〈∂kj|m〉 〈m|∂sj〉) .
(2.47)
To make the final leap, we notice that nothing will change if we remove the restriction











ρkjj(s0) (〈∂sj|∂kj〉 − 〈∂kj|∂sj〉) . (2.48)
Here we have explicitly replaced ρkjj(s) with its 0th order approximation. Now










dk (〈∂sn|∂kn〉 − 〈∂kn|∂sn〉) . (2.49)
Notice that we have made a smooth, single-valued gauge choice along s-direction in
deriving Eq. (2.49), though the final expression is gauge independent. Comparing
with Eq. (2.21), we conclude that Qn in Eq. (2.49) is nothing but the Chern number
of the two-dimensional manifold spanned by parameters s and k. Thus the adiabatic
particle flux along the lattice over one adiabatic pumping cycle is quantized as the
Chern number of the corresponding energy band, i.e., Qn = Cn. This is the main
result of Thouless’s seminal paper [158].
In an alternative picture, one can also imagine that all the pumped particles
are tied to a well-localized wave packet in the lattice. One good choice for such
a wave packet is the Wannier state. In this picture each unit cell has a Wannier
state centered in it. Then to obtain the same number of pumped particles over one
adiabatic cycle no matter where the unit cross section normal to the direction of
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flux is put, the center of each Wannier state must shift over one lattice constant in
each adiabatic cycle, i.e.,
∆ 〈x〉 = 〈wn(qi)| xˆ |wn(qi)〉 |s=sT − 〈wn(qi)| xˆ |wn(qi)〉 |s=s0 = aCn, (2.50)
where a is the lattice constant and Cn is the Chern number of band n. Now suppose
initially the lattice is formed by neutral atoms, then after one adiabatic cycle, two
net charges of amounts ±Cn will emerge at two ends of the lattice and thus the
system becomes polarized. So in our setting here, the electric polarization of one-
dimensional crystalline solids shares the same topological origin as the Thouless
pump.
The derivation detail of Eq. (2.50) has been given in Ref. [32]. Also in Chap. 5 of
this thesis we will derive a more general formula through which Eq. (2.50) emerges
as a special case. The modern theory of polarization from a Berry phase perspective
is reviewed in Ref. [132].
Under the smooth, single-valued gauge choice along s, ∂s 〈n|∂kn〉 is always well-













Here in general one cannot work out the integral over k for the integrand, since
there is no guarantee to the smoothness of ∂kγn(k) across the first BZ along k, and
the integral should be performed in a piecewise manner.
One can also choose a smooth, single-valued gauge along k, which then requires
∂k 〈n|∂sn〉 to be well-behaved and |n(k − pi)〉 = |n(k + pi)〉. Under this gauge choice













Similarly, here one cannot directly work out the integral over s for the integrand,
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since there is no guarantee to the smoothness of ∂sγn(s) across the first BZ of s,
and the integral should also be performed in a piecewise manner.
Another equivalent gauge choice is the periodic gauge, which refers to requiring
the wave function |n〉 to be the same at opposite ends of the two-dimensional BZ,
i.e., |n(~s)〉=|n(~s + ~G)〉. Here ~G is the reciprocal lattice vector. This is always the
automatic choice in numerical diagonalizations. But under this gauge choice, the
phase of the other Bloch states cannot be smoothed at the same time along k and
s directions, and it seems hard to write down an explicit expression for the Chern
number. But one can still discretize the BZ into a mesh, compute the Berry phase
around each small area locally, and then sum them up to find the Chern number.
Numerically this is an efficient way of computing band Chern numbers and we will
discuss this further in the last section of this chapter.
Before ending this section, we will briefly mention two other topics concerning
the adiabatic quantum pumping. First, there is another form of adiabatic quantum
pumping tailored for mesoscopic systems (i.e., quantum dots), in which scattering
matrices instead of wave functions are central objects. According to Brouwer [17],
















Here n labels the contact, k1,2 are two external parameters whose trace encloses an
area A in the parameter space. α and β label the conducting channels and Sαβ is
the scattering matrix. While this formula is derived for open systems, the concepts
of Berry curvature and geometric phase are still applicable. This is not hard to see










Then the number of pumped particles or spins over one adiabatic cycle is given
by the Abelian or non-Abelian geometric phase associated with the scattering ma-
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trix Sαβ [187]. More detailed comparisons between the two formalism of adiabatic
quantum pumps may be found in [18, 23].
Another point we want to mention here is that the quantization of particle
transport formalized by Thouless is equally valid if many-body interactions and
disorder are included, so long as the system under consideration remains an insulator
during the whole adiabatic process [120]. A system of N interacting particles in












U(xj − xi), (2.55)
where the parameter s = s(t) varies slowly in time with V [xi, s(t)] = V [xi, s(t+ T )]
for each particle i. The potential V (xi, s) is assumed to have no specific periodicities.
To proceed, we introduce the twist boundary condition, which requires the many-
body wave function to satisfy:
Ψκ(x1, ..., xj + L, ..., xN ) = eiκLΨκ(x1, ..., xj , ..., xN ), (2.56)
or equivalently Ψκ(x1, ..., xj , ..., xN ) = eiκ
∑N
i=1 xiΦκ(x1, ..., xj , ..., xN ) where for any
j
Φκ(x1, ..., xj , ..., xN ) = Φκ(x1, ..., xj + L, ..., xN ). (2.57)
Analogous to the Bloch theorem we proved in Sec. 2.2, it is not hard to see that here
the whole lattice of length L is treated as an enlarged unit cell, and the many-body
Hamiltonian is made κ-dependent under the following unitary transformation:




i=1 xi . (2.58)
Geometrically this Hamiltonian with the condition Eq. (2.57) describes a 1D ring
of length L penetrated by a magnetic flux κLe . In this situation the group veloci-
ty (current operator) is given by ∂κH(κ, s) and one can repeat what we did before
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dκ (〈∂sΦ0|∂κΦ0〉 − 〈∂κΦ0|∂sΦ0〉) , (2.59)
where |Φ0〉 denotes the many-body ground state and the Fermi level is assumed to
resides in a gap. Different from the single particle case, here the quantized charge
pumping is obtained by averaging over boundary conditions in the thermodynamic
limit. The quantization of particle flux over one adiabatic cycle is achieved under
the condition that the ground state is well-gapped from excited states and it is
non-degenerate [181].
2.5 Floquet Formalism
The results on adiabatic quantum pumping in static systems can also be extended
to periodically driven (Floquet) systems. In a Floquet adiabatic pump, despite the
slowly-varying periodic potential V [s(t)] with a period T , the system is driven by
another time-periodic field with a period τ  T . Now let’s first fix s at a certain
value, then analogous to the Bloch theorem for spatial-periodic systems, the tem-
poral periodicity of the system Hamiltonian H(t) = H(t+ τ) admits a stroboscopic
description for its long-time (analog to an infinitely long lattice) dynamics. In this
picture, the evolution of the system is governed by the Floquet eigenvalue equation:
Uτ (t0) |n(t0)〉 = e−inτ |n(t0)〉 , (2.60)
where the Floquet operator Uτ (t0) = U(t0 + τ, t0) is the one-period propagator
of the system. n is the quasienergy of band n and |n(t0)〉 is the corresponding
eigenstate which forms a complete basis. The starting time t0 determines the choice
of gauge (time frame) for the initial state. After M periods the final state is simply
e−iMnτ |n(t0)〉. Eq. (2.60) can be proved in a way as what we did for the Bloch
theorem, with the help of the Fourier expansion of the driving potential in the time-
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frequency domain (for completeness we will sketch a proof of this theorem in the
appendix of this chapter). Analogous to the quasimomentum, one can also define a










Moreover, if the system is also spatial-periodic, its quasienergies will group into
bands with respect to the quasimomentum k, and transport properties referring to
these band structures can be studied. Adiabatic quantum pumping in this kind of
spatial-temporal periodic systems will be the focus of this thesis.
In such a spatial-temporal periodic system, an adiabatic cycle is achieved via
sweeping s(t) from t0 to t0 + T over a large number of periods τ , with the value of
s fixed within each driving period τ and jumped a small amount at the beginning
of the next driving period:
sj = s0 + j
sT − s0
M
jτ ≤ t < (j + 1)τ, j = 1, 2, ...,M. (2.62)
So in a Floquet quantum pump the adiabatic parameter s changes in a discrete
manner, and thus the corresponding adiabatic perturbation theory will look a bit
different from the one we used before. In the following section we will derive a
formula for the adiabatic quantum pumping in one-dimensional spatial-temporal
periodic systems, closely analogous to what we have done in Sec. 2.4. And we will
see that if a Floquet band is uniformly filled, the pumped number of particles over
one adiabatic cycle is quantized and equals the Chern number of the Floquet band.
For more details on the standard Floquet theory, one many refer to Ref. [56] or a
recent review [19] and references therein.
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2.6 Floquet Adiabatic Quantum Pumping
In this section we study adiabatic quantum pumping in Floquet systems. We first
formalize an adiabatic perturbation theory tailored for population transfer among
Floquet bands. Based on which we will derive the number of pumped particles over
one adiabatic cycle in one-dimensional spatial-temporal periodic systems, and show
that the number of pumped particles due to a filled Floquet band is quantized as
the Floquet band’s Chern number.
We start with a closed Floquet system, whose long-time dynamics is described
by the quantum map defined in Eq. (2.60). One step of such a map is given by:
ρ(s+ ds) = U(s+ ds, s)ρ(s)U †(s+ ds, s), (2.63)
with the Floquet eigenvalue equation
U(s+ ds, s) |n(s+ ds)〉 = e−in(s+ds)τ |n(s+ ds)〉 . (2.64)
Here ρ(s) is the density matrix representing the state of the system at s = s(t),
with s being the scaled time. A slow change of s means that v = dsdt is much
smaller then the minimum Floquet band gap and the driving frequency ω = 2piτ of
the system. As we discussed in the previous section, the value of s is fixed within
each driving period τ and makes a small jump ds = sT−s0N at the beginning of the
next driving period. The amount of time consumed in the adiabatic process is thus
T = Nτ , with N being a large positive integer. The Floquet eigenstates |n(s)〉
form an orthonormal and complete basis at each instant s and we assume that their
corresponding quasienergies have no crossings during the whole adiabatic process.
In the following derivation we will still make the single-valued, smooth gauge choice
along s for the Floquet basis.
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In the instantaneous Floquet basis, the diagonal element of ρ(s) is given by:
ρjj(s+ ds) = 〈j(s+ ds)|U(s+ ds, s)ρ(s)U †(s+ ds, s) |j(s+ ds)〉
= 〈j(s+ ds)| e−ij(s+ds)τρ(s)eij(s+ds)τ |j(s+ ds)〉










ρmn(s) 〈j(s+ ds)|m(s)〉 〈n(s)|j(s+ ds)〉 .
(2.65)











































Then let ds→ 0 and integrate over s, we obtain:






[ρjm(s) 〈m(s)|∂sj(s)〉+ h.c.] . (2.67)
Here by definition we require sT −s0 to be an integer multiple of the rescaled driving
period 2pivω . To obtain non-adiabatic corrections up to first order in v to Floquet
band populations, we use the zeroth order result, by which the off-diagonal density
matrix elements could only accumulate a phase difference during the evolution, i.e.,




Here Ωjm(s) is the accumulated dynamical phase from s0 to s. To be more precise,
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jm(sn) = j(sn) − m(sn). We have absorbed the geometric phase difference into
ρ˜jm(s). With these notations, we can perform an integration by parts over s in
Eq. (2.67) as what we have done in Sec. 2.4. But here we should notice that the
Floquet states evolve in the parameter space s in terms of discretized quantum maps




















Inserting Eq. (2.68) and Eq. (2.70) into Eq. (2.67), and performing an integration
by parts over e−iΩjm(s), we find up to first order in v:












The details for obtaining this expression are closely parallel to what we did in Sec. 2.4
to obtain ρjj(s). We see that if the initial state has IBC [ρjm(s0) 6= 0], there will be
non-adiabatic corrections to the Floquet band population ρjj(s) up to first order in
v. Note that compared with the adiabatic perturbation theory for static systems we
developed in Sec. 2.4, the denominator in Eq. (2.71) is not an energy gap but a phase
gap, due to the Floquet representation we took here. Eq. (2.71) was also derived
using a similar method in [171]. To proceed further, we also need an expression
for off-diagonal density matrix elements in the Floquet basis. Following the same





n [〈j(s)| ∂s |n(s)〉 ρnm(s)− ρjn(s) 〈n(s)| ∂s |m(s)〉]
eijm(s)τ − 1 .
(2.72)
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With Eq. (2.71) and Eq. (2.72), we can proceed to derive the cyclic adiabatic particle
pumping in a one-dimensional spatial-temporal periodic lattice. The derivation is
parallel to what we did in Sec. 2.4, with energy bands being replaced by Floquet


















Here we have set the lattice constant a = 1 and U(k, s) |n(k, s)〉 = e−in(k,s)τ |n(k, s)〉,
with n being the Floquet band index and k being the quasimomentum. For brevity
in the following derivation, we will hide k and s-dependence in all states and op-
erators. Also as what we did before, we assume that the distribution of the initial
state has a k-reflection symmetry on each Floquet band. Inserting Eq. (2.71) in-
to Eq. (2.73), the contribution by this term to the number of pumped particles in
adiabatic limit reads:




















j(k, s)τds. Eq. (2.74) is the same as the IBC induced correction
to adiabatic pumping we derived in [171]. The implication of this term on Floquet
adiabatic pumping will be discussed in Chap. 5 of this thesis. In this section we
focus on the case when initially several Floquet bands are incoherently populated.
Under this condition, by inserting Eq. (2.72) into Eq. (2.73) and using the relation
〈m| ∂k |j〉 = 〈m| ∂kU |j〉
e−ijτ − e−imτ , (2.75)
we find that in the adiabatic limit, the number of pumped particles due to off-










ρjj(s0) [〈∂sj(s)|∂kj(s)〉 − 〈∂kj(s)|∂sj(s)〉] . (2.76)
The derivation here is also parallel to what we have done in Sec. 2.4. Finally, if
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ds [〈∂sn(s)|∂kn(s)〉 − 〈∂kn(s)|∂sn(s)〉] . (2.77)
Formally this is exactly the same as the adiabatic pumping due to a filled Bloch
band. So we conclude that in one-dimensional spatial-temporal periodic systems,
the number of pumped particles due to a filled and isolated Floquet band over one
adiabatic cycle is quantized and given by the Chern number of the corresponding
Floquet band. Similarly, in the Wannier state representation, the Wannier center
flow over one adiabatic cycle is:
∆ 〈x〉 = 〈wn(qi)| xˆ |wn(qi)〉 |s=sT − 〈wn(qi)| xˆ |wn(qi)〉 |s=s0 = aQn, (2.78)
where the Wannier state is defined in terms of Floquet-Bloch states from band n
by Eq. (2.32). This quantized Wannier state pumping in a periodically kicking
system is first derived in [31]. There the position space periodicity is replaced with
momentum space periodicity. We will briefly review the results of [31] in the next
section.
Before ending this section, we want to emphasize again that in Eq. (2.77) the
integrand is the Berry curvature of the Floquet band, which is gauge invariant.
Under the smooth and single-valued gauge choice along s, which for the Floquet
basis leads to |n(s0)〉 = |n(sT )〉, we have:
〈n(sT )|∂kn(sT )〉 = 〈n(s0)|∂kn(s0)〉 , (2.79)
and then Eq. (2.77) directly reduces to Eq. (2.51). Instead, under the smooth and
single-valued gauge choice along k, we have
〈n(k = pi)|∂sn(k = pi)〉 = 〈n(k = −pi)|∂sn(k = −pi)〉 , (2.80)
and Eq. (2.77) has an equivalent variant as Eq. (2.52).
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Notice that for smooth, single-valued gauge choices, the phase of the Floquet
basis could at most be piecewise continuous along one direction in BZ. For a topo-
logically nontrivial band, a smooth and single-valued gauge cannot be defined across
the whole two-dimensional BZ. That is, for a Floquet band n with Chern number
C, if one plots γn(k) in Eq. (2.51) with respect to k from −pi to pi, one will see C
discontinuity points reside at {k1, ..., ki, ..., kC} in the first BZ of k. At each of these
points, the Berry phase γn(ki) will get a jump of −2pi. The same is true when one
plots γn(s) in Eq. (2.52) with respect to s from s0 to sT . Here the geometric phase
γn(si) jumps at each discontinuity points si by 2pi. The total number of disconti-
nuity points for the two kinds of smooth, single-valued gauges are the same, and
actually equals the Chern number of band n. After some translations, the Berry
phase winding in Eq. (2.52) actually reflects the trajectory of the Wannier state
center in position space over one adiabatic cycle [150].
2.7 Quantized Adiabatic Transport in Momentum Space
In the last but one section of this chapter, we briefly review a recent publication,
in which it is demonstrated that the Floquet version of Thouless pump can also
be realized in a momentum lattice, which means a quantized acceleration due to
topologically nontrivial Floquet bands [31].
First, we need to understand under which condition there could be a periodic
lattice in momentum space. The model studied in [31] is a modified version of
ratchet accelerator (kicked rotor). Its Floquet propagator over one driving period






2 e−iK cos(q+s). (2.81)
Here all quantities are dimensionless, q and p are position and momentum operators,
respectively. τ is the period of the δ-kicking potential and s is the phase difference
between the two kicking potentials, which will be slowly swept from 0 to 2pi to
39
2.7. Quantized Adiabatic Transport in Momentum Space
realize an adiabatic pumping cycle. At the start of each driving period, the system
is kicked by a potential K cos(q+ s), with K represents the kicking strength. After
that the system evolves freely over a time duration τ0, and then kicked by another
potential K cos(q). In the final step the system evolves freely from τ − τ0 to τ and,
after that, starts its journey in the next cycle. Within each kicking period the value
of s is fixed and it gets a small jump at the start of next kicking period. An adiabatic
cycle T then includes a large number of kicking periods τ .
Since the Floquet operator U(s) is periodic in q with a period 2pi, its quasimo-
mentum k is conserved and we can choose the first BZ to be k ∈ [0, 1). Then the
momentum p can take valuesm+k withm being integers. To yield a periodic lattice
in momentum space, one should require that k = 0, so that p can only take integer
values. Physically this could be achieved via a wide BEC wave packet. To proceed
further, one needs to impose the on-resonance condition: τ = 4pi, under which the

















with pe = pτ0 and Ke = Kτ0, respectively. τ0 is normally referred to as the effective
Planck constant (remember we have set the physical Planck constant ~ = 1 all
through this thesis). If one further chooses τ0 = 2piα = 2piMN , with M, N being






and one can clearly see that UR(s) is periodic in p with a period N , i.e., a peri-
odic superlattice in momentum space. Using the Bloch theorem, we could have a
conserved quantity corresponding to the quasimomentum in spatial-periodic situa-
tions. We may call this quantity a quasiposition φ, whose first BZ could be chosen
to be [0, 2pi). Now we have a two-dimensional parameter space spanned by φ and
s, and the quasienergies of UR will group into Floquet bands with respect to these
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periodic parameters. Since φ and s form a closed manifold which has the shape of a
torus, a Chern number can be defined for each isolated Floquet band, and Floquet
topological phase transitions could be induced via sweeping the kicking strength K.









detailed in [31], and Floquet topologically nontrivial phases characterized by large
band Chern numbers are found.
To demonstrate the nontrivial topology of Floquet bands, Ho and Gong in [31]
considered an adiabatic pumping protocol via sweeping s over one cycle. In the
previous section, we have shown that for a filled and isolated Floquet band, the
number of pumped particles is quantized as the Chern number of the band. In [31]
the authors instead considered the pumping of a Wannier state, whose center shift
over one adiabatic cycle is given by Eq. (2.78). Detailed proof of this relation is
given in the appendix of [31], and will not be discussed here. Note that the Eq. (9)
given in [31] has an opposite sign compared to Eq. (2.78) in this chapter. This is
because in Ref. [31] a different choice for the orientation of the parameter space
manifold was made, which is opposite to our choice in Eq. (2.78). The robustness of
this quantized pumping with respect to phase noise and non-adiabaticity has also
been checked in [31].
Ref. [31] is one of the early studies which uncovers the relation between topo-
logical phases and quantized pumping in periodically driven quantum systems. It
constitutes one of the original motivations for us to explore adiabatic pumping in
Floquet and open quantum systems. In later chapters we will discuss some of our
progresses made along this line of thought.
2.8 Numerical Calculation of Band Chern Numbers
In the last section of this chapter, we briefly sketch how to compute the Chern
number numerically for an isolated (Floquet) band or a collection of touched (Flo-
quet) bands. For more details about the method we summarized here, one may refer
to [133].
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Consider a quantum system described by a Hamiltonian H(k, s) or a Floquet
operator U(k, s), which depends on two independent periodic parameters k and
s. The Cartesian product of the first BZ of these two parameters forms a closed
manifold (e.g., a sphere, a torus) and H(k, s) or U(k, s) can be diagonalized at
each point (k, s) on this manifold. The resulting energy or Floquet spectrum will
in general group into bands with respect to these periodic parameters. Some of
them are isolated and some of them may touch each other. Each of the isolated
band (collection) has a Chern number defined by Eq. (2.21), whose sign depends on
the orientation of the parameter space manifold.
To compute the Chern number of an isolated (Floquet) band n in a numerically
efficient manner, one proceeds as follows [133]:
• Discretizing the two-dimensional BZ of s and k with a regular mesh.
• Diagonalizing H(k, s) or U(k, s) at each point (k, s) in the BZ.
• Enforcing the period gauge |n(~s)〉 =
∣∣∣n(~s+ ~G)〉 on the boundary of the two-
dimensional BZ, where ~s = (k, s).
• Computing the Berry phase around each small square by:
γ = −Im ln[〈n(k, s)|n(k + dk, s)〉 〈n(k + dk, s)|n(k + dk, s+ ds)〉
〈n(k + dk, s+ ds)|n(k, s+ ds)〉 〈n(k, s+ ds)|n(k, s)〉].
(2.84)
• Summing γ over the whole two-dimensional BZ and dividing the resulting
phase by −2pi to get Cn.
For a collection of touched bands, one can define a single Chern number for it as
a whole. Numerically this Chern number is obtained in a similar way as above by
replacing the Berry phase of each small square with its non-Abelian extension [133]:
γ = −Im ln det[W (~s1, ~s2)W (~s2, ~s3)W (~s3, ~s4)W (~s4, ~s1)], (2.85)
where the overlap matrix element Wmn(~s1, ~s2) = 〈m(~s1)|n(~s2)〉, ~s1 = (k, s), ~s2 =
(k + dk, s), ~s3 = (k + dk, s + ds), ~s4 = (k, s + ds), and m,n = 1, ..., N , where N is
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the total number of bands in this collection. In general one chooses the branch of
ln with γ ∈ [−pi, pi).
In this formalism, the location of the obstruction in BZ is unknown and it takes
its effect after the summation of Berry phase over BZ is done. Using this method
one could always obtain a very precise integer for an isolated (Floquet) band even
on a relatively coarse mesh [133].
2.9 Summary
In this chapter we reviewed several concepts underlying the study of this thesis.
We start with the concept of Berry phase in quantum adiabatic cyclic evolutions,
and connect it with the Chern number of a two-dimensional closed parameter space
manifold. After that we recap the Bloch theorem due to which the energy dispersion
of a spatial-periodic system group into bands. As an alternative representation, we
also discussed the Wannier states and reviewed their relations with Bloch states.
With all these preparations, we rederived Thouless’s seminal results on adiabatic
particle transport in spatial-periodic systems, and discussed several of its alterna-
tives under different gauge choices. It was shown that for a filled and isolated band,
the pumped number of particles over one adiabatic cycle is quantized as the Chern
number of the band, and the shift of a Wannier state center over one adiabatic cycle
is given by the same Chern number multiplied by the lattice constant of the system.
The quantized pump formalized by Thouless indeed shares the same topological o-
rigin as the quantum Hall effect in two-dimensions. And the quantized pumping of
Wannier states underlies the polarization phenomenon in crystalline solids. We also
mentioned that the quantization of Thouless’s pumping is robust against disorder
and inter-particle interactions, so long as the ground state of the many-body system
is well-gapped and non-degenerate.
When the system is driven by another external time-periodic field, its long time
dynamics could be captured by its Floquet-Bloch (quasienergy) bands and their cor-
responding eigenstates. In the second part of this chapter, we discussed an extension
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of Thouless’s pump to Floquet systems, and demonstrated that for a filled Floquet
band, the number of pumped particles over one adiabatic cycle is also quantized as
the Chern number of the corresponding band. Due to the possibility to realize a pe-
riodic lattice in momentum space, novel phenomena like quantized acceleration with
a topological origin could also be achieved in such kinds of Floquet-Bloch systems.
At the end of this chapter, we briefly sketched an efficient method for computing
Chern numbers of an isolated band or a collection of touched (Floquet) bands.
In the next chapter, based on the theories we discussed here, we will introduce
some typical model systems. These systems will either be studied or be used as
examples demonstrating our results in later chapters of this thesis.
2.A A Proof of the Floquet Theorem
A Floquet (quantum) system is described by a Hamiltonian H(t), which is periodic
in time t with a finite period τ , i.e.,
H(t) = H(t+ τ) τ ∈ R. (2.86)




H(ωn)eiωnt ωn = nω = n
2pi
τ
n ∈ Z. (2.87)
Here ω is the driving frequency. For an infinite system, the plane waves




form an orthonormal and complete basis, in which one can write down a matrix
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The new state belongs to the subspace
S = {Ψ,k(t),Ψ−ω,k(t),Ψ+ω,k(t), · · ·Ψ−ωn,k(t),Ψ+ωn,k(t), · · · } . (2.90)
Moreover, two subspaces S and S′ are decoupled if
|− ′| < ω, (2.91)
and subspaces S and S′′ are equivalent if there exist an n ∈ Z such that −′′ = ωn.
Thus one can study the dynamics of the system in each of the subspaces {S}
separately where the quasienergy  is defined in
[−piτ , piτ ), which is normally referred
to as the first BZ of quasienergy. Within each subspace, we can diagonalize H(t)







ck(+ωn)ϕke−i(+ωn)t = e−itu,k(t), (2.92)




ck(+ ωn)ϕke−iωnt = u,k(t+ τ) (2.93)
is a periodic function of t with the period τ . Combining Eqs. (2.92) and (2.93), we
also find
ψ,k(t+ τ) = e−iτψ,k(t). (2.94)
Since {|ψ,k(t)〉} forms a complete basis at each instant t, one may write the unitary
evolution operator over one period (starts at t0) as
U(t0 + τ, t0) =
∑

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Thus we conclude that the Floquet state |ψ,k(t0)〉 is an eigenstate of U(t0 + τ, t0)
with the eigenvalue e−iτ , i.e.,
U(t0 + τ, t0)|ψ,k(t0)〉 = e−iτ |ψ,k(t0)〉. (2.96)
Using Eqs. (2.95) and (2.96), it is also straightforward to see that
U(t0 + nτ, t0)|ψ,k(t0)〉 = e−inτ |ψ,k(t0)〉 n ∈ Z. (2.97)
Thus for a given initial time t0, the stroboscopic evolution of the system is fully









In this chapter we will introduce several model systems which have a finite number
of energy levels (bands). These models or their extensions will either be studied or
be used to demonstrate our results in later chapters of this thesis. We first introduce
the Landau-Zener (LZ) model as a typical two-level system, and recap some of its
representative properties. After that, we review the Qi-Wu-Zhang (QWZ) model,
which is the simplest model to demonstrate the key features of a Chern insulator.
There we will derive its topological phase diagram and discuss its band structures
under both periodic and open boundary conditions. In the last section of this
chapter, we introduce the Aubry-André-Harper (AAH) model, which is a paradigm
in the study of quantum Hall effects. There we will discuss its spectrum and Hall
conductance at different magnetic flux densities, which is related to to topological
properties of the system.
3.1 Two-Level System: The Landau-Zener Model
The Landau-Zener model is the simplest system to study non-adiabatic transitions
at avoided level crossings. The transition probability, given by the LZ formula,
was derived by Landau [91], Zener [184], Stückelberg [149], and Majorana [110] in
1932, separately. In an adiabatic process, probability transitions happen mostly
around the avoided level crossing point, where the typical dynamics of the system
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is governed by the following Hamiltonian [8]:
H(s) = 12(g0σx + sσz). (3.1)
Here s = s(t) is a function of time which can reach 0, g0 is thus the minimum level
spacing of the system. The speed of the adiabatic process is determined by v = dsdt .
Consider an adiabatic process that starts at s0 = s(−∞), ends at s1 = s(+∞),
and suppose that in this process the system only passes through the avoided level
crossing point at s = 0 once. If initially the system is prepared at the ground
state ρ(s0) = | − (s0)〉〈−(s0)|, then the transition probability to the excited state
|+ (s)〉〈+(s)| at s = s1 is [8]:
P+ = 〈+(s1)|ρ(s1)|+ (s1)〉 = e−pig20/(2v). (3.2)
Here we have set the physical Planck constant ~ = 1 and v refers to the sweeping
speed of s at the avoided level crossing point. This result is originally derived
using semiclassical modeling. From Eq. (3.2), one can see that when v → ∞, all
populations will be transferred to the excited state at the end of the process, while
for v → 0, there will be no population transfer, which corresponds to the case of
adiabatic limit. One also wants to emphasize that Eq. (3.2) only describes the
non-adiabatic transition in the system’s evolution on the global time scale. Close
to the avoided crossing point, the population transferred to the excited state will
develop an inter-level coherence (ILC) with the residual population in the ground
state, which then induces an oscillation in the transition probability with respect to
time t. Such oscillations will be gradually suppressed when the system departs from
the avoided level crossing point.
To develop some concrete feelings about these results, let’s consider an explicit
example [147]. The system’s Hamiltonian in this case is defined as:
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Fig. 3.1: (Color online) Instantaneous energy levels (a) and transition probabilities (b) of the system
with respect to t defined in Eq. (3.3) due to a single adiabatic passage at ωt = 0, with g0 = 0.1,
A = 10g0 and ω = 0.05g0. The blue solid line represents numerically solved P+(t). The red dashed line
represents PLZ predicted by Eq. (3.3). Reproduced from Ref. [147].
The sweeping rate at the avoided crossing point ωt = npi is v = Aω. If initially
only the ground state is occupied, the transition probability in the long-time limit
is PLZ = e−pig
2
0/(2Aω). In Fig. 3.1(b) we compare the transition probability P+(t)
due to the adiabatic passage at ωt = 0 obtained by exact numerical evolutions, and
the theoretical prediction PLZ . A clear signature of coherent oscillations can be
observed in the crossover region around the green dash-dotted lines.
Due to its simplicity in modeling non-adiabatic transitions at avoided level cross-
ings, the LZ model has been used to study various dynamical phenomena in physics
and chemistry, e.g., production of cold molecules, control of chemical reactions, spin-
flip in nanomagnets, directed quantum transport in bipartite lattices and adiabatic
quantum computing [34]. Here we highlight some progresses relating to hot topics
in recent years. First, the LZ model can be used to study the dynamics of quantum
phase transitions. There the quantum version of the Kibble-Zurek mechanism in
certain integrable models can be derived by mapping a model to a set of indepen-
dent LZ avoided crossings [37]. Also, the LZ system can be used to construct the
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Landau-Zener-Stückelberg-Majorana (LZSM) interferometry. There a two-level sys-
tem is periodically driven to go through a series of avoided crossing points. In this
process, the accumulated Stückelberg phase may lead to interference patterns and
periodic oscillations of physical observables with respect to system parameters [147].
As a recent application, the authors in [102] proposed a LZSM setup to measure
the geometric phase of a particle moving in a 2D honeycomb lattice, from which the
physical property of Dirac cones can be extracted. Another rapid expanding topic
is the study of LZ transitions in various kinds of environments. For example, in
Ref. [144], the authors considered LZ transitions in a qubit coupled with a bosonic
or a spin bath at zero temperature, and found that diagonal and off-diagonal cou-
plings have different effects on the tunneling probability. In Ref. [118], the authors
studied LZ processes in a dissipative environment, and found that the transition
probability depends on the sweeping rate in a non-monotonic manner, which re-
flects the competition between the relaxation and the external sweep. In another
recent work [6], Ashhab considered a qubit interacts with one harmonic oscillator
mode initially at a finite-temperature thermal equilibrium state, and found that the
transition probability has a non-monotonic dependence on the coupling strength
and temperatures. These discoveries could enrich our understanding to the fate of a
quantum dynamical process in an environment, and help us design smart strategies
to control quantum adiabatic evolutions. Another progress which is worthy of atten-
tion is the study on many-body versions of LZ transitions. At the mean-field level,
the authors in [105] studied a LZ model with an additional energy shift depending
on the population difference of the two levels (thus a nonlinear LZ model). They
found that characteristic scaling or power laws for the critical behavior emerges if
the nonlinear parameter is on-resonance with the minimal level spacing of the linear
system. In more general situations, increasing the number of particles will cause
more LZ avoided crossings, and the non-adiabatic transitions are characterized by
their cooperative effects. But due to the exponential increase of level densities in
many-particle systems, many-body LZ tunnelings are generally irreducible to single-
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particle processes. In this case, a semiclassical treatment is often justified when a
large number of particles are involved [37].
In Chap. 6 of this thesis, we will revisit the Landau-Zener model defined in
Eq. (3.1). There, we will consider an adiabatic process starting and ending at finite
time. In this situation, the non-adiabatic transition probability is given by a power
series of the sweeping rate v. As we have discussed in the previous chapter, if the
initial state only occupies one level ofH(s), the lowest order non-adiabatic transition
probability is proportional to v2. While if the initial state coherently populates
two energy levels of H(s), the lowest order non-adiabatic transition probability is
proportional to v due to the ILC in the initial state. There we will also see how
these non-adiabatic transitions would be modified if the system is coupled to a bath,
which could induce dephasing between adiabatic energy levels of H(s).
3.2 From Two-Level to Two-Band: The QWZ Model
In this section, we study the QWZ model [127], which is considered to be the mini-
mum realization of a Chern insulator model. We will closely follow the discussions
in Ref. [14] and Ref. [65].
Before getting into the details of the QWZ model, let’s first derive the Hall
conductance of a general 2D continuous Dirac model described by the following
Hamiltonian:
H(kx, ky) = (Axxkx +Ayxky)σx + (Axykx +Ayyky)σy +Mσz, (3.4)
where kx,y ∈ (−∞,+∞) is the momentum of the Dirac fermion along x, y directions,
σx,y,z are spin-1/2 Pauli matrices. The real matrix A has the determinant det(A) =
AxxAyy −AxyAyx and M is a real constant which does not depend on ~k = (kx, ky).
For M 6= 0, the spectrum of H(kx, ky) is always gapped at ~k = ~0. In this case
the Hall conductance for the filled bottom band of H(kx, ky) is well-defined. To
derive the Hall conductance, we will use the concept of Berry phase discussed in the
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previous chapter. To simplify our notation, we define:
dx ≡ Axxkx +Ayxky dy ≡ Axykx +Ayyky dz ≡M d ≡
√
d2x + d2y + d2z. (3.5)
Then the eigenvalue equation for the ground state |ψ−(~k)〉 is given by:
 dz + d dx − idy
dx + idy −dz + d
 |ψ−(~k)〉 = 0. (3.6)
Thus up to a phase factor we have:
|ψ−(~k)〉 = 1√2d(d+ dz)
 dx − idy
−dz − d
 . (3.7)
The x(y) component of the Berry connection of the ground state is defined asAx(y) =
i〈ψ−(~k)|∂kx(ky)|ψ−(~k)〉. Using Eq. (3.7), we find:




Plugging Eq. (3.8) into the definition of the Berry curvature Ωxy− = ∂xAy − ∂yAx,















Note here that kx and ky represent real momenta of a continuous model, and thus
their domains are unbounded. From Eq. (3.10) one can see that, depending on the
signs of M and det(A), the Hall conductance is either 0 or ±12 , instead of quantized
as integers. This is because the range of integration we took here is open, while
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the Chern number is only defined for a closed and orientable manifold. So the Hall
conductance we obtained here has no relation to the Chern number. But we can see
that if either M or det(A) flip its sign, the change of σH during this process is still
a quantized integer. Later we will use this fact to derive the phase diagram of the
QWZ model.
The QWZ model describes spin-1/2 noninteracting fermions hopping on a 2D
square lattice. In the tight-binding limit, the nearest-neighbor (NN) hopping ampli-
tudes depend on the spin orientations, and an energy biasM exists between spin-up


















Here m and n denote lattice indices along x and y directions, respectively. The unit
of energy is taken as the NN hopping strength and the lattice constant a is set to
be 1. Taking periodic boundary conditions (PBC) and using the Fourier transform














with NxNy being the total number of unit cells, we end with the momentum space
Hamiltonian H = ∑~k Ψ†~kh(~k)Ψ~k. Here Ψ†~k = (c†~k↑, c†~k↓) and
h(~k) = sin(kx)σx + sin(ky)σy + [M + cos(kx) + cos(ky)]σz. (3.13)
The quasimomenta kx and ky both belong to [−pi, pi). Depending on the value ofM ,
the spectrum of h(~k) can either be gapped or gapless. WhenM = −2, the two bands
of h(~k) touch at ~k = (0, 0), when M = 0, the two bands could touch at ~k = (−pi, 0)
and ~k = (0,−pi), and when M = 2, the two bands touch at ~k = (−pi,−pi). Now
let us extract the topological phase diagram of the QWZ model with the help of
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Table 3.1: Topological Phases of QWZ model
Range of M (−∞,−2) (−2, 0) (0, 2) (2,∞)
Topological Phase Trivial Nontrivial Nontrivial Trivial
σH/(e2/h) 0 1 −1 0
Eq. (3.10). First we notice that when M → ±∞, all states are localized and there
should be no topologically nontrivial phases. So the system belongs to the same
topological trivial phase for M ∈ (−∞,−2) and M ∈ (2,∞), since in both regions
there are no gap closings and thus no topological phase transitions in general. At
M = −2, one can expand h(~k) to obtain an effective Dirac Hamiltonian heff(~k) which
has the form of Eq. (3.4). The difference of the bottom band Hall conductance of
heff(~k) at M−2± = −2 ± δM with δM → 0+ could characterize the jump of the
Hall conductance of h(~k) around this band touching point. Casting in the form of
Eq. (3.4), the effective Hamiltonians around M−2± = −2± δM are given by:
h−2+δMeff (0, 0) = δkxσx + δkyσy + δMσz
h−2−δMeff (0, 0) = δkxσx + δkyσy − δMσz.
(3.14)
Using Eq. (3.10) with the identifications δkx ↔ kx, δky ↔ ky and δM ↔ M , the







Thus when M ∈ (−2, 0), the QWZ model is in a topologically nontrivial phase
characterized by a quantized Hall conductance σH = 1. Performing the similar
analysis around band touching points for M = 0 and M = 2, we obtain Table 3.1,
which summarizes all possible topological phases of the QWZ model.
Up to now we are focusing on bulk properties of the QWZ model. Since in reality,
any bulk material must have boundaries, an important question is whether and
how such bulk topological properties could manifest themselves in a finite physical
sample. For non-interacting fermionic Chern insulators, this question was answered
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by Hatsugai in Refs. [60, 61], where it was shown that along the same edge of
the system, the difference of edge mode chirality above and below an isolated bulk
energy band under open boundary conditions (OBC) determines the Chern number
of the band under PBC, and vice versa. Today, this result is normally referred to as
the principle of bulk-boundary correspondence (BBC) or bulk-edge correspondence.
To see this explicitly, we start with the Hamiltonian H defined in Eq. (3.4) and
take PBC (OBC) along the y (x) direction of the lattice (note that the BBC of
Chern insulators does not depend on along which direction the OBC is taken in the
lattice). Under this choice, the quasimomentum ky is still a conserved quantity and















In Fig. 3.2 we show the typical spectrum of H(ky) with respect to ky in different
topological phases. We can see that when M = −1, there is one branch of gap-
traversing edge modes localized around the left edge of the lattice with a positive
group velocity (chirality = +1). Thus the Chern number of the bottom band is
C− = +1− 0 = 1, which is consistent with our results in Table 3.1. Similarly, when
M = 1, we have one branch of gap-traversing edge modes localized around the left
edge of the lattice with a negative group velocity (chirality = −1). Then the Chern
number of the bottom band is C− = −1 − 0 = −1. So we conclude that using the
principle of BBC for non-interacting fermionic Chern insulators, one can deduce the
bulk Chern number from the edge mode chirality, and vise versa.
Before closing this section, we recall that the quantized pumping studied by
Thouless shares the same topological origin as the Chern insulator. We can now
demonstrate this using the QWZ model. First, we map the momentum space Hamil-
55
3.2. From Two-Level to Two-Band: The QWZ Model




























Fig. 3.2: (Color online) Spectrum of QWZ model under OBC along x-direction. Blue line: bulk spectrum;
red crosses: edge modes localized around the left edge; green circles: edge modes localized around the
right edge.
tonian of the QWZ model to a descendant 1D model:
h(~k) = sin(kx)σx + sin(s)σy + [M + cos(kx) + cos(s)]σz. (3.17)
Here the quasimomentum ky of the 2D model is replaced by an adiabatic control
parameter s. Then via adiabatically sweeping s from 0 to 2pi, the number of pumped






ds ∂sγ−(s) = −C−. (3.18)
Here γ−(s) = i
∫ pi
−pi〈−(s)|∂kx |− (s)〉dkx is the Berry phase of a Wilson loop along kx
at a fixed s, C− is the bottom band Chern number of the Hamiltonian defined in
Eq. (3.13). In Fig. 3.3 we plot γ−(s)/(2pi) with respect to s corresponding to the four
cases considered in Fig. 3.2, which shows a clear consistency with the topological
phases we summarized in Table 3.1.
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Fig. 3.3: (Color online) Ground state Berry phase winding of QWZ model in different topological phases.
The number of pumped particles is given by accumulated Berry phase γ−(s) from s = 0 to s = 2pi.
Up to now, we have reviewed the QWZ model as the minimum of a Chern
insulator. In the following section, we will study a more general multiband Chern
insulator system, i.e., the Aubry-André-Harper model, which has become one of the
focus in the study of condensed matter physics and quantum simulations in recent
years.
3.3 From Two-Band to Multibands: The AAH Model
The AAH model was originally proposed by Harper to study the effect of a uniform
magnetic field on the conduction band of a metal [57]. Later Aubry and André (AA)
extended it to incommensurate cases and used its descendants to study Anderson
localization in 1D. In the form studied by AA, the AAH model describes non-
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where Jx represents the hopping amplitude along the direction of the lattice, 2Jy
represents the strength of a superlattice potential, and β ∈ [0, 2pi) is a phase shift.
a†m and am are creation and annihilation operators for an electron at lattice site m,
where the lattice constant has been set to be 1. When α is a rational number, i.e.,
α = p/q with p and q being coprime integers, the superlattice potential is commen-
surate with the background lattice and the system is translationally invariant over
q lattice sites. By identifying β ↔ ky, HAAH defined in Eq. (3.19) has the following





Jx(a†m,nam+1,n + h.c.) + Jy(a†m,nam,n+1e−i2piαm + h.c.)
]
, (3.20)
where n ∈ Z denotes lattice indices along y direction. Sometimes this model is also
called the Hofstadter model [63]. It describes noninteracting electrons hopping in a
2D square lattice penetrated by a perpendicular magnetic field B under the Landau
gauge A = (0, Bm, 0). Due to the magnetic field, the original unit cell of the square
lattice is enlarged to the magnetic unit cell of size q × 1. There are p magnetic flux
quanta through each of these enlarged unit cells. When PBC is taken along the x
direction in Eq. (3.19) or along both x and y directions in Eq. (3.20), one obtains a
momentum space Hamiltonian H = ∑~k Ψ†~kh(~k)Ψ~k. To be explicit, we consider the


























, where b, c, d denotes sublattice degrees of freedom of the
magnetic unit cell and ~k = (kM , β), with kM ∈ [−pi, pi) being the quasimomentum
of the magnetic BZ (MBZ). The spectrum of h(~k) with respect to the two parameters
kM and β thus groups into bands and each isolated band has a well-defined Chern
number, which is related to its Hall conductance. In the example we considered here,
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the three bands of h(~k) have Chern numbers −1, 2,−1. In more general situations,
one can deduce the band Chern numbers of the AAH model at rational magnetic
flux densities by either computing them directly using the method discussed in the
last section of the previous chapter, or with the help of the Diophantine equation
and Darboux theorem. For cases with p = 1 and q ∈ Z larger than 2, the band
Chern numbers of AAH model have a simple and regular pattern:
• When q is an odd integer, the middle band has a Chern number (q − 1) and
all the other bands have Chern numbers −1.
• When q is an even integer, the middle two bands together have Chern number
(q − 2) and all the other bands have Chern numbers −1.
When q is large, all bands except the middle one will become vary flat and they
actually correspond to the lattice version of Landau levels in the quantum Hall
effect [58].
Under OBC along either x or y direction in Eq. (3.20), there will be chiral
edge modes traversing the band gaps and their chiralities can be used to deduce
band Chern numbers with the help of the principle of BBC. In Fig. 3.4 we show
the spectrum of AAH model with α = 1/3 under PBC and OBC along x-direction.
With respect to α, the spectrum of AAH model groups into a fractal pattern, usually
called the Hofstadter butterfly [63]. Its inner beauty has intrigued massive study
across a broad range of scientific community. In Chapter 4, we will show such a
spectrum in a continuously driven AAH model.
When α equals an irrational number, there will be metal-to-insulator transition-
s with the change of the relative hopping rate Jy/Jx [7]. Moreover, in a recent
publication [88], it was shown that a topological index (originating from the Chern
number) can be defined even for each 1D realization of AAH model at a fixed β if
α is irrational. This clearly runs counter to the fact that the 1D superlattice model
at each fixed phase shift is time-reversal invariant and thus should be topologically
trivial in the sense of Chern numbers. Such kinds of quasicrystal topological or-
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Fig. 3.4: (Color online) Spectrum of AAH model at α = 13 under (a) PBC and (b) OBC along x-
direction. Red crosses: edge modes localized around the left edge; green circles: edge modes localized
around the right edge. The three bands have Chern numbers −1, 2,−1 from bottom to top.
ders have caused some debates [109] and their actual meaning still require further
clarifications.
Since the AAH model and its modern developments have been systematically
reviewed in Ref. [48] (see also Ref. [32]), there is no room for one to further repeat
their detailed analysis. So at the end of this section, we will briefly discuss several
topics which are not the focus of the aforementioned excellent reviews.
First, the AAH model is a good platform to study the interplay between many-
body interactions and topological order. As an early example, Barelli et al stud-
ied two interacting particles in a 1D AAH lattice and observed a double-butterfly
spectrum [10]. Some other relations between interaction and localization are also
discussed there. In another study [111], the authors considered AAH model with
mean-field interactions and discussed the relation between its nonlinear eigenmodes
and eigenmodes of the linear AAH model. In a recent publication [182], the au-
thors studied dipolar fermions trapped in an AAH superlattice and found fractional
topological states under strong dipole-dipole interactions. It was argued that such
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fractional topological states are related to fractional quantum Hall states in 2D. In
another recent study [146], the authors focused on AAH model at a specific size, and
found that all its bands are flat even in cases of nonzero Chern numbers. Fractional
Chern insulator (FCI) phases can then be constructed as exact zero-energy ground
states of the AAH model with interactions.
Second, several variants of AAH model have also been studied in recent liter-
ature. For example, in Ref. [46], the authors studied an off-diagonal version of
AAH model at commensurate flux density α = p/q. They found that the system is
topologically nontrivial and could support degenerate zero modes which may share
topological properties with Majorana fermions. In Ref. [104], the authors considered
an extension of the AAH model under both on-site and off-diagonal modulations,
with a phase shift in between. Via varying system parameters, they found both
metal-to-insulator transitions and topological phase transitions in the system, which
went beyond the original AAH model. An adiabatic pump using photonic setups
was also proposed to demonstrate these features. In another recent publication [47],
a Weyl semimetal phase was also constructed by stacking the off-diagonal version of
AAH model. And an optical lattice setup was proposed to detect the topologically
protected 3D Weyl nodes in this system.
In the following chapter, we will study another kind of generalization of the
AAH model, i.e., a time-modulated AAH model. We will show that rich and var-




Floquet Bands and Topological Phase
Transitions in a Continuously Driven
Superlattice
Under the action of periodic driving fields, novel topological phases could emerge in
topologically trivial or nontrivial static systems. This realizes the possibly simplest
version of nonequilibrium topological order. In this chapter, we study the well-
known Aubry-André-Harper model driven by a harmonic time-periodic modulation
and discuss its topological properties along with several other interesting features.
The Floquet bands of the system are found to have non-zero Chern numbers which
are generally different from those in the original static model. Floquet topological
phase transitions (discontinuous change of Chern numbers) could take place as we
tune the amplitude or period of the driving field. We demonstrate that the non-
trivial Floquet band topology manifests via the quantized transport of Wannier
states in the 1D lattice. For certain parameter choices, very flat yet topologically
non-trivial Floquet bands emerge, a feature potentially useful for simulating the
physics of strongly correlated systems. In some cases with an even number of Floquet
bands, the spectrum of the system features linearly dispersing Dirac cones which
hold potential for the simulation of high energy physics or Klein tunnelling. Taking
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open boundary conditions, we observe anomalous counter-propagating chiral edge
modes and degenerate zero modes. We end by proposing a possible experimental
setup to verify our theoretical predictions.
4.1 Introduction
Subjecting to periodic driving, Floquet band eigenstates could be topologically non-
trivial. Such states have attracted increasing theoretical and experimental interest
in recent years. Many developments have been achieved in this fertile new field
and several examples of exotic Floquet topological phases of matter (e.g., Floquet
quantum Hall effects [26, 31, 122, 189], Floquet graphene [30, 54, 67, 68, 80, 84, 96,
107, 115, 121, 126, 186], Floquet topological insulators [21, 35, 45, 69, 71, 75, 76,
99, 100, 108, 116, 125, 160], Floquet Majorana fermions [72, 90, 101, 103, 134, 135,
145, 155, 156, 161, 162, 175, 180]) have been proposed theoretically and in some
cases realized experimentally [82, 129, 130, 174]. Their potential applications reside
in spintronics, quantum information processing and quantum computation.
In the study of topologically nontrivial systems, the principle of bulk-edge cor-
respondence plays an essential role [59]. This principle states that the number of
topologically protected states existing at the edge of a system may be deduced from
topological invariants defined with respect to its bulk and vice versa. The problem
of identifying topological invariants demonstrating the correspondence principle for
periodically driven systems is still a study in progress. Here we give a brief review of
it. The stationary states |ψ〉 of a periodically driven system (commonly referred to
as Floquet states) with time period T are defined via Uˆ |ψ〉 = exp(−iT )|ψ〉, where
Uˆ refers to the one-period time-propagator (commonly referred to as the Floquet
operator), and  is known as the quasienergy. The quasienergy plays a role anal-
ogous to that of energy in static systems. Unlike energy, however, quasienergy is
defined only modulo 2pi/T so several added subtleties exist in periodically driven
systems [5, 79, 137]. Hence, the topological invariants which demonstrate bulk-edge
correspondence in static systems [59–61] are unsuitable for doing the same with pe-
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riodically driven systems [4, 5, 79, 137]. The study in Ref. [79] introduced a winding
number capturing the fact that, unlike chiral energy bands, chiral quasienergy modes
can creep out from the top quasienergy band and merge with the bottom quasienergy
band as a function of crystal momentum. Ref. [137] showed that the Chern number
of a Floquet band is insufficient for uniquely predicting the number of edge states in
the system if the aforementioned quasienergy winding occurs. Ref. [4] showed that
topological edge states exist at the interface between two bulk systems with identical
Floquet operators, thus demonstrating that bulk Floquet operators are insufficient
for demonstrating bulk-edge correspondence. Ref. [5] introduced new topological in-
variants required for capturing bulk-edge correspondence in chiral symmetric driven
systems.
Previous papers [26, 31, 94, 189] have studied the topological properties of one-
dimensional (1D) dynamical models well-known in the field of quantum chaos and
nonlinear dynamics. The periodic time dependence in these models came in the
form of delta-kicks (i.e., modulation of the system Hamiltonian by a comb of delta
functions in time) or sudden changes in system parameters. These studies have
all revealed interesting topological effects and suggest that dynamical models with
rich physics (from a dynamics perspective) might be good candidates to look for
interesting topological behaviour. In a recent study by our group and collaborators,
it was found that two such kicked systems have eigenstates obeying a one-to-one
correspondence [170] but possess qualitatively different edge states [33] due to their
different chiral symmetry operators. These findings add another piece to the puzzle
of understanding bulk-edge correspondence in driven systems. One drawback of the
above theoretical studies, however, is that the delta-kick modulations are experi-
mentally demanding and might deter experimental verification of their predictions.
In this chapter, we investigate various dynamical and topological features of the
Floquet bands in a 1D tight-binding lattice which does not require delta-kicking
fields. Instead, the system is driven by a superlattice potential that varies contin-
uously (and smoothly) in time. This model itself is not new [87, 89]. A simpler
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version (without a phase shift in the Hamiltonian) was proposed in the context of
quantum chaos to study quantum state transfer through a chaotic sea [89]. We
note that in the absence of the time-periodic modulation, our model is simply the
well-known Aubry-André-Harper model [7, 57] which has been extensively studied
in the context of the quantum Hall effect [85] due to its topological non-triviality.
Hence, our results answer the question of how the topology of the famous (static)
Aubry-André-Harper model will change in response to the introduction of a time-
periodic modulation. In what follows, we shall refer to the model under study as
the continuously driven Harper model (CDHM).
This chapter is organized as follows. In Sec. 4.2 we introduce the CDHM. To
show that the CDHM is yet another example of a dynamical system from the field
of quantum chaos that possesses non-trivial topology, we present the dynamics of its
classical limit and explain its connection with earlier studies in quantum chaos [89].
We also point out its relation with studies on the integer quantum Hall effect.
Sec. 4.3 comprises the main part of this chapter and is divided into a few sub-
sections. In Sec. 4.3.1 we show that when the Floquet band spectrum of CDHM
consists of an odd number of bands, these bands are generally well-gapped and pos-
sess non-zero Chern numbers defined under periodic boundary conditions (PBC).
The number of bands is determined by our choice of a system commensurability
parameter α. We also demonstrate numerically that the system undergoes topo-
logical phase transitions in which the Chern numbers suddenly change values as
other system parameters are tuned. In Sec. 4.3.2, we present numerics showing that
the bands’ Chern numbers manifest themselves physically in an adiabatic pump-
ing protocol. In Sec. 4.3.3 we show that under certain parameter choices, very flat
yet topologically nontrivial Floquet bands emerge. The flatness of these bands is
investigated by wavepacket dynamics simulations. We also show that if the num-
ber of Floquet bands is chosen to be even, the Floquet spectrum features Dirac
cones intersecting at quasienergy zero. A wavepacket prepared on a Dirac cone
is shown to move in the lattice non-dispersively. In Sec. 4.3.4, we consider open
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boundary conditions (OBC) in order to study the bulk-edge correspondence of the
CDHM. The Floquet band Chern numbers are examined in connection with the
chiral edge modes traversing the bulk gaps. We find that the traditional bulk-edge
correspondence principle [137] succeeds in describing the net number of edge modes
in the gaps, but fails to capture the existence of anomalous chiral edge modes. The
anomalous modes referred to here are chiral modes which co-exist within a single
quasienergy gap and on the same edge of the system, but possess opposite chiralities.
For cases with an even number of bands, topologically protected zero quasienergy
modes are observed within the quasienergy gaps. In Sec. 4.4 we discuss possible ex-
perimental realizations of the CDHM. Sec. 4.5 summarizes our results and proposes
several future avenues for investigations.
4.2 A Continuously Driven Harper Model
The classical Hamiltonian of the CDHM reads
H = J cos(k) + V cos(2piαx− β) cos(Ωt), (4.1)
where x and k are continuous coordinate and quasimomentum variables respectively,
β ∈ [0, 2pi) is a phase shift parameter [191] and Ω is the driving frequency. The
dynamical behaviour of the system is governed by its Hamilton’s equations of motion
x˙ = −J sin(k) x ∈ [0, q),
k˙ = 2piαV sin(2piαx− β) cos(Ωt) k ∈ [0, 2pi).
(4.2)
We choose α = p/q where p, q are co-prime integers. Classical phase space diagrams
are obtained by recording the values of (x, k) at integer multiples of the driving
period t = NT , where N are positive integers and T = 2pi/Ω refers to the driving
period. Four examples of phase space diagrams for a fixed value of β are shown in
Fig. 4.1. There we set J = −1, V = 2, α = 1/100, β = 0, T = 2pi/0.7, 2pi/0.2, 2pi/0.16
and 2pi/0.12. In the previous study [89] without the phase shift parameter β, it was
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Fig. 4.1: (color online). Classical phase space structure of the continuously driven Harper model with
β = 0, for (a) T = 2pi/0.7, (b) T = 2pi/0.2, (c) T = 2pi/0.16, (d) T = 2pi/0.12. The phase space
becomes increasingly chaotic with increase in the driving period. At T = 2pi/0.12 the shearless tori
emerge and separate the chaotic sea into different regions. Choosing other β values will generate similar
phase space patterns.
pointed out that as the driving period T increases, the phase space plots become
increasingly chaotic. This is also seen here with an arbitrary fixed value of β. From
Fig. 4.1(c) and (d) we see that all principal tori have disappeared at T = 2pi/0.16.
But at T = 2pi/0.12, shearless tori emerge in the chaotic sea, separating it into
different regions. These shearless tori have been shown to assist non-dispersive
transmission of wavepackets in the quantized version of the system [89]. As we
shall see in Sec. 4.3.3, non-dispersive wave packet occurs due to the presence of
Dirac cones in the system. This constitutes another approach for realizing localized
wavepacket transport. Other than this connection, the regular-to-chaos transition
discussed here is not directly related to our results below. However, we hope that
future studies regarding the interplay of chaos in the underlying classical limit and
aspects of topological phase transitions can be further motivated.
Now we move on to discuss quantum systems. Before discussing the quantum
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version of the (driven) model above, we first briefly review the quantum model
corresponding to its static version, i.e., the AAHmodel we introduced in the previous











+ V cos(2piαm− β)a†mam
]
, (4.3)
where m ∈ Z and β ∈ [0, 2pi). am (a†m) annihilates (creates) a particle at site m,
J is the nearest-neighbor hopping amplitude and V controls the strength of the
superlattice potential. Because the lattice coordinates take only integer values, the
phase shift β in general cannot be removed by any translation of coordinates. For
each fixed β, the model describes non-interacting particles hopping on a 1D lattice
with a superlattice potential. This model has been realized experimentally in two
separate systems, one comprising a 1D array of evanescently coupled waveguides [88]
and the other a non-interacting BEC in a 1D quasi-periodic optical lattice [136].
We note that one may regard β as the quasi-momentum along a second di-
mension, denoted ky, we thus obtain a two-dimensional (2D) model. To make this
clearer, we rewrite the parameters as follows [92]:
J
2 ⇔ Jx, V ⇔ 2Jy, β ⇔ ky a
†
m ⇔ a†m,ky . (4.4)









+ 2Jy cos(2piαm− ky)a†m,kyam,ky
]
, (4.5)
where m ∈ Z and ky ∈ [0, 2pi). It defines a 2D “parent” model describing non-
interacting electrons hopping in a square lattice subjected to a magnetic field per-
pendicular to the plane. Here we have chosen the Landau gauge so that the electro-
magnetic vector potentialA = (0, Bm, 0). Jx and Jy refer to the hopping amplitudes
along x and y directions respectively. m is the lattice index along x-direction and
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ky is the quasi-momentum along the y direction. a†m,ky is the creation operator for
an electron in the lattice site m along x with quasi-momentum ky along y and α
represents the number of magnetic flux quanta per unit cell. This Hamiltonian is
clearly that of the famous and intensely studied Aubry-André-Harper model [7, 57].
Whenever α is a rational fraction p/q with p, q being co-prime integers, the energy
spectrum of the system takes the form of q bands under PBC where each band has
a nonzero Chern number [85]. When α is an irrational number, the spectrum of the
system shows self-similar structures. Scanning the spectrum with respect to α leads
to a fractal-like spectrum called the Hofstadter butterfly [63].










+ V cos(2piαm− β) cos(Ωt)a†mam
]
, (4.6)
where m ∈ Z and β ∈ [0, 2pi). Ω = 2pi/T is the frequency of the driving field, with
T being the driving period. In this chapter, we regard our system as 1D with β
being an experimentally tunable phase shift parameter. We note however that as
with the static case, the phase shift parameter β may be understood as the quasi-
momentum of a 2D “parent” model. Because the Hamiltonian is time-periodic, we
shall theoretically analyse the model within the framework of Floquet theory. In
the next section it will be shown that under PBC, the Floquet spectrum is grouped
into bands with nontrivial topology, which is however different from that found in
the static Aubry-André-Harper model and in the kicked Harper model [31].
4.3 Floquet Band Topology
4.3.1 Chern Number of Floquet bands
To study topological properties of CDHM, we start with its Floquet operator (i.e.,
unitary time propagator over one complete driving period)
UˆCDHM(T, 0) = T e−i
∫ T
0 dt [J cos(kˆ)+V cos(2piαmˆ−β) cos(Ωt)], (4.7)
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Fig. 4.2: (color online). Butterfly Spectrum of CDHM with respect to α = p/q, T = 2, J = 2pi/3,
V = 2pi, q goes from 2 to 50. For a better visualization of the butterfly spectrum, the spectra for phase
shift β = pi/2 and 3pi/4 are superposed together.
where T means time ordering. We have defined our system on a discrete 1D lat-
tice so the eigenvalues of the quasi-momentum operator kˆ belong to [0, 2pi) and the
eigenvalues of the position operator mˆ take integer values from −∞ to ∞. The
Planck constant is set to 1 in this chapter. Also we only consider cases with a
rational α = p/q, where p and q are co-prime integers. In these cases the Floquet
operator commutes with the translation operator Tˆk = e−iqkˆ under PBC, which
implies that the system is translational-invariant over q lattice sites. The Hamilto-
nian and the translation operator comprise a complete set of commuting operators
with common eigenvectors spanning the Hilbert space of interest for each fixed
β. The spectrum of UˆCDHM(T, 0) is obtained by solving the eigenvalue problem
UˆCDHM(T, 0)|ψ〉 = eiω|ψ〉, where ω is referred to as the eigenphase. Up to a sign,
the quasienergy is simply the eigenphase divided by the driving period. Using the
well-known split operator method, which is detailed in Appendix 4.A, we numerical-
ly solve for ω with fixed T , J and V values at all points in the 2D Brillouin zone (BZ)
70
Chapter 4. Floquet Bands and Topological Phase Transitions in a Continuously Driven Superlattice
defined by β and a Bloch phase φ [i.e., the eigenphase of the translation operator Tˆk
which belongs to [0, 2pi)]. Due to the translational symmetry of UˆCDHM(T, 0), the
eigenphases come in q bands which we refer to collectively as the Floquet spectrum.
In Fig. 4.2, we show the eigenphases of the CDHM as a function of α = p/q where q
goes from 2 to 50, p takes integer values from 1 to q− 1 for each q and φ is scanned
from 0 to 2pi for each α. The spectrum has a fractal-like structure, reminiscent of
the ones previously observed in two δ-kicked models with nontrivial band topolo-
gy [172]. Unlike those δ-kicked models however, the butterfly-like Floquet spectrum
in CDHM is generated using continuous driving fields, making it more accessible ex-
perimentally. In Fig. 4.3, we show several examples of the Floquet spectrum where
we choose T = 2 and α = 1/3 or 1/5. The method of obtaining these spectra is
explained in Appendix 4.A. With changes in J, V and T , the bands may deform,
touch and re-separate, accompanied by possible topological phase transitions. The
topological properties of a Floquet band which does not touch other bands can be





dk · 〈ψn(φ, β)| ∇k |ψn(φ, β)〉 k = (φ, β), (4.8)
where n is the band index and |ψn(φ, β)〉 is an eigenstate on the band n for a
given Bloch phase and phase shift. These values may change (i.e., a topological
phase transition occurs) only when the Floquet bands meet at some point(s) in the
Brillouin zone. Numerically, this quantity can be calculated using the method we
discussed in Sec. 2.8 of this thesis (also see Ref. [133]).
In Tables 4.1 and 4.2 we show the band Chern numbers of the above introduced
CDHM with T = 2 and α = 1/3, 1/5. For simplicity, we choose J = V and scan J
from 0.1 to 10 for the 3-band case and from 2.0 to 6.9 for the 5-band case in steps
of 0.1. C1, C2 and C3 refer to the Chern numbers of the three bands (from bottom
to top) respectively in the 3-band case. In the five band case, they refer to the first
three bands (from bottom to top). We omit the Chern numbers of bands 4 and 5
because they are the same as those of bands 2 and 1 for all the parameters shown
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Fig. 4.3: (color online). The eigenphase spectrum of CDHM for (a) T = 2, α = 1/3, J = V = 4.1, the
three bands have Chern numbers 4,−8, 4 (from bottom to top), (b) T = 2, α = 1/3, J = V = 5.4, the
three bands have Chern numbers −8, 16,−8 (from bottom to top), (c) T = 8.4, α = 1/3, J = 3.0, V =
4.0, the three bands have Chern numbers 16,−32, 16 (from bottom to top), (d) T = 2, α = 1/5, J =
V = 6.3, the five bands have Chern numbers −4, 6,−4, 6,−4 (from bottom to top).
Table 4.1: Chern numbers of CDHM with respect to J and V for α = 1/3, T = 2
Values of J and V [0.1, 3.4] [3.5, 5.1] [5.2, 5.4] [5.5, 5.6] 5.7 [5.8, 7.5] [7.6, 10]
C1 −2 4 −8 −2 −8 4 −2
C2 4 −8 16 4 16 −8 4
C3 −2 4 −8 −2 −8 4 −2
here.
For a fixed pair of J and V , topological phase transitions can also be induced
by changing the driving period T . The Chern numbers in a 3-band case with
J = 3.0, V = 4.0 and T going from 4.0 to 9.0 (with a step size of 0.1) are given in
Table 4.2: Chern numbers of CDHM with respect to J and V for α = 1/5, T = 2
Values of J and V [2.0, 3.7] [3.8, 3.9] [4.0, 4.2] [4.3, 4.9] [5.0, 5.5] [5.6, 6.6] 6.7 6.8 6.9
C1 6 −4 −4 6 6 −4 −4 −4 −4
C2 −4 6 −4 −14 −4 6 −4 26 −4
C3 −4 −4 16 16 −4 −4 16 −44 16
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Table 4.3: Chern numbers of CDHM with respect to T for α = 1/3, J = 3.0, V = 4.0
Values of T [4.0, 4.7] [4.8, 5.8] [5.9, 6.5] 6.6 [6.7, 7.1] [7.2, 8.0] [8.1, 8.3] [8.4, 8.9] 9.0
C1 4 −2 4 −8 −2 4 −2 16 4
C2 −8 4 −8 16 4 −8 4 −32 −8
C3 4 −2 4 −8 −2 4 −2 16 4
Table 4.3. Several interesting observations can be made from the Chern number pro-
gression. Firstly, with the change of J , V and T , many topological phase transitions
occur. Secondly, Floquet bands with very large Chern numbers emerge at certain
parameter values. Finally, in all the cases considered here, the Chern number of
every Floquet band is an even integer (this feature will be explained in Appendix
4.C). Compared with the static case in which each band except the middle one has a
Chern number +1 (the middle band’s Chern number is equal to the negative of the
sum of Chern numbers of all the other bands) and no topological phase transitions
occur as a function of J and V for a fixed α, it is clear that the periodic driving has
drastically altered the topological behaviour of the static Aubry-André-Harper mod-
el. These observations confirm that, in addition to the well-studied kicked-Harper
model (quantized on a torus or on a cylinder) [27, 94, 170], our CDHM also possesses
rich topological behaviour suitable for studying topological states in driven systems.
4.3.2 Quantized Adiabatic Pumping
The nontrivial Floquet band topology can be evidenced physically through quantized
adiabatic pumping. This was first shown in [31] by extending Thouless’s theory of
quantized pumping concerning systems without periodic driving [158]. Using the
same scenario as in Ref. [31], here we verify that a band Wannier state, formed
by uniformly superposing all eigenstates of a Floquet band with a nonzero Chern
number, will move over an integer number of lattice sites under an adiabatic change
of β from 0 to 2pi. The change of the wavepacket center during this process is given
by the Chern number of the band associated with the Wannier state:
〈mˆ〉 = 〈wn(NT )| mˆ|wn(NT )〉 − 〈wn(0)| mˆ |wn(0)〉 = qCn, (4.9)
73
4.3. Floquet Band Topology
where |wn(0)〉 and |wn(NT )〉 refer to the Wannier states constructed from band n
at the initial and final time of the adiabatic cycle, T is the driving period, N is the
total number of driving periods used to complete the cycle and mˆ is the discretized
position operator. In our system, a Wannier state on a Floquet band can be prepared
following the method explained in Sec. 2.3 of the thesis (also see [31]). The phase
shift β, with its value held constant within each driving period, is changed by a
small amount between driving periods, i.e. after each full period T . As an example,
in Figs. 4.4(b) and (d) we show the Wannier state evolution during an adiabatic
cycle for the 3-band and 5-band cases. The results show that the change of the
wavepacket center in this adiabatic cycle is indeed equal to the Chern number of
the related band. As expected from the adiabaticity condition in periodically driven
systems [36, 153, 154], the accuracy of the quantization improves with an increase
in the total number of driving periods comprising each adiabatic cycle.
At topological phase transition points, the band gap between two bands vanishes,
leading to the breakdown of the adiabatic condition for the evolution of Wannier
states from either of the bands. Thus we should expect a breakdown of the quantized
adiabatic pumping around the phase transition point. This is shown in Fig. 4.5 where
we can see that (i) away from the phase transition point, the pumping results show
good quantization behavior, (ii) around the phase transition point, some irregular
jumps are observed in the pumping results. If one successfully prepares Floquet
Wannier states experimentally, the quantization of adiabatic pumping would be a
means for detecting topological phase transitions in the CDHM. Admittedly, this is
a challenging task as compared with the static case.
4.3.3 Flat Bands and Dirac Cones
Flat bands are bands for which the energy is dispersionless with respect to the
crystal momentum. On perfectly flat bands, particles will have infinite effective
mass and their kinetic energies are quenched. The physical properties of the system
will be predominantly determined by particle-particle interactions. If the flat band
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Fig. 4.4: (color online). Quantized pumping in the position space for T = 2. (a) Eigenphase spectrum
for α = 1/3, J = V = 2.5, the three bands have Chern numbers −2, 4,−2 (from bottom to top). (b)
Adiabatic pumping results for Wannier states prepared from the 3 bands in (a). The adiabatic cycle
is completed in 4000 driving periods and the difference 〈mˆ〉 of the position expectation value is taken
at t = NT for N = 1, 2, ..., 4000. The color of the bands and the pumping curves are matched with
each other. For all three cases, the difference between the wave packet center at the end and the
beginning of the adiabatic cycle equals the related band Chern number. (c) Eigenphase spectrum for
α = 1/5, J = 2pi/5, V = 2.4pi. The five bands have Chern numbers −4, 6,−4, 6,−4 (from bottom to
top). (d) Adiabatic pumping results for Wannier states prepared from the 5 bands in (c). For all the
five cases, the difference between the wave packet center at the ending and the starting point of the
adiabatic cycle equals the related band Chern number.
has a nonzero Chern number, the addition of many-body interactions to the system
may lead to the emergence of exotic states of matter (e.g., the fractional Chern
insulators – fractional quantum Hall effects without Landau levels) [13, 106, 124].
Another interesting feature associated with band spectra is the emergence of Dirac
cones. These are regions in the band spectrum where two bulk bands meet in a
conical intersection. In this case, states on the linear-dispersion part of the band
will transport non-dispersively in the system (just like a Dirac particle with zero rest
mass). Dirac-cone physics has been extensively studied in the context of condensed
matter physics, with its most famous occurrence being that of graphene [179]. In
this subsection we will see that both flat bands and Dirac cones in the context of
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Fig. 4.5: (color online). Quantized pumping across a phase transition point for α = 1/3 and T = 2.
The difference 〈mˆ〉 between the final and initial position expectation values of a Wannier state initially
prepared on the top band with β = 0 is shown for adiabatic cycles comprising 3000 (red dots) and
4000 (blue circles) driving periods. The phase transition happens in the domain between the black
dashed lines (from J = V = 5.1 to J = V = 5.2). At J = V = 5.1, the top band has a Chern number
+4. At J = V = 5.2, the top band has a Chern number −8.
Floquet systems may be studied in CDHM, making it a possible candidate for the
simulation of Dirac-cone and flat-band physics.
First, in both 3 and 5-band cases, the middle band of CDHM changes its bend-
ing direction (e.g., from upward to downward) as J and V are varied. At certain
parameter values during this process, the band becomes very flat. In Fig. 4.4, t-
wo examples of flat bands for α = 1/3 and α = 1/5 are given. In Fig. 4.4(a) the
flatness ratio, defined as the minimum direct band gap divided by band width, of
the middle band is approximately 23 while that in Fig. 4.4(b) is approximately 86.
We note that if the phase shift β were regarded as a quasi-momentum along y in a
2D system, the resulting model would possess almost flat 2D Floquet bands which
might be potentially useful for studying fractional Chern insulators.
On a nearly flat band, a Wannier state will spread very slowly due to the almost
zero band curvature. In Fig. 4.6, we prepare a Wannier state on the middle band
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Fig. 4.6: (color online). Evolution of a Wannier state for T = 2, α = 1/5, J = 2pi/5, V = 2.4pi, β = 0.1pi
on a flat band. (a) Eigenphase with respect to the Bloch phase φ. Red line: the middle nearly-flat band,
blue line: other non-flat bands. (b)-(d) evolution of a Wannier state prepared on the middle band at
t = 0. x-axis: lattice index m which goes from −640 to 640. y-axis: the probability distribution in the
lattice of (b) the initial state, (c) the state at t = 100T and (d) the state at t = 200T . It is seen that
the Wannier state initially prepared on the flat band spreads very slowly in the 1D lattice.
of Fig. 4.4(b) and evolve it in the 1D lattice space. The results show that even
after 1000 driving periods, the state is still well-localized around its original center.
This means that by loading several particles on this flat band, their interactions
might dominate the physics of the system and the interplay between Floquet band
topology and interactions may be studied [52, 138, 152].
One more interesting feature of this model arises when the total number of bands
is even (i.e., q equals an even integer). In such cases, the middle two Floquet bands
touch at quasienergy zero. Numerically, we find that for cases with 4 bands (but not
for cases with 2 bands), the dispersion relation in the neighbourhood of the touching
bands becomes linear in terms of both the phase shift β and the Bloch phase φ, thus
forming Dirac cones. Remarkably, we have also found that each of these Dirac cones
has a pi Berry phase. This is intriguing because in the context of graphene physics,
such pi Berry phases are the underlying reason for the half-quantized anomalous Hall
conductance [62]. In Fig. 4.7(a), an example of the Floquet Dirac cone is shown
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Fig. 4.7: (color online). Dirac cones and the non-dispersive transport in a 4-band case. (a) Eigenphase
spectrum for α = 1/4, J = pi/2, V = pi. The Bloch phase is scanned from −pi to pi instead of 0 to 2pi to
show the Dirac cones more clearly. (b) Eigenphase spectrum on the plane β = 0. The part indexed with
red stars indicates the states used in the wavepacket simulation seen in (c)-(e). (c)-(e) Non-dispersive
transport of states around the Dirac cones in a 1D lattice. The length of the lattice is L = 1024, the
lattice index m goes from −512 to 511. The initial state in (c) is a superposition of 20 band eigenstates
along one branch of the Dirac cone (indexed by red stars) in (b). After N = 100 driving periods it
evolves to the state shown in (d) and after N = 200 driving periods it evolves into the state in (e). It
is clear that the wave packet hardly changes its shape during the evolution.
for a 4-band case. Wavepackets comprising a superposition of states lying along the
slope of the Dirac cone transport non-dispersively. In 4.7(c) we show an example
of this. The initial state is prepared as a superposition of 20 band eigenstates along
the same slope of the Dirac cone [residing along the red line in Fig. 4.7(b)]. The
simulation result clearly shows that the wavepacket evolves without changing its
shape over a relatively long time. Note also that the seen negative group velocity
is expected, because the group velocity should be given by the derivative of the
quasienergy with respect to φ, which has a sign difference from the derivative of the
plotted eigenphase ω.
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Fig. 4.8: (color online). Eigenphase spectrum of CDHM with respect to the phase shift β at OBC
with T = 2 for different parameter combinations. Chiral edge modes localized on the left and right
edges are indicated by red stars and green dots respectively. When α = 1/3 with (a) J = V = 8.0
and (b) J = 2pi/3, V = 3.2pi, the band Chern numbers are −2, 4,−2 in both cases (from bottom to
top). Anomalous counter-propagating edge modes are seen in the middle gap in panel (b). (c) When
α = 1/4, J = pi/2, V = pi, degenerate zero modes are seen in the gaps with zero eigenphase. (d) When
α = 1/5, J = V = 4.5, the 5 bands have Chern numbers 6,−14, 16,−14, 6 (from bottom to top).
4.3.4 Chiral Symmetry and Bulk Edge Correspondence
In the previous subsection, we studied the topological property of CDHM under
PBC. The principle of bulk-edge correspondence [59–61] states that there exists a
relation between bulk topology under PBC and boundary modes under OBC. The
bulk-edge correspondence in driven systems is more subtle than in static systems.
For example, chiral edge states may be found between two bands with zero Chern
numbers if a winding edge state connects them through the borders of the quasiener-
gy BZ [137]. In some cases, edge modes localized around the same edge with op-
posite chiralities may be observed within the same quasienergy band gap [189]. In
this section, we study the bulk-edge correspondence as well as the chiral symmetry
of CDHM.
A Floquet operator Uˆ with chiral symmetry means that there exists a unitary
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and Hermitian operator Γ such that
ΓUˆΓ† = Uˆ−1, (4.10)
for Uˆ chosen to propagate over a special choice of one-period time interval [5]. For
simplicity, we consider our 1D superlattice with two open ends. Its Floquet operator
is given by,














where L is the length of the lattice. Diagonalizing UˆCDHM(T, 0) at each phase shift
β and scanning β from 0 to 2pi, we obtain the eigenphase spectrum as a function
of β. We find that UˆCDHM(T, 0) obeys the chiral symmetry condition of Eq. (4.10),
with the following chiral symmetry operator
ΓCDHM = eimˆpi, (4.12)
where mˆ is the discrete position operator. ΓCDHM performs a local unitary transfor-
mation in the sense that it does not translate states over lattice sites. In Appendix
4.B, we prove that due to the chiral symmetry, the spectrum of UˆCDHM(T, 0) pos-
sesses mirror symmetry with respect to zero quasienergy for each β and is pi-periodic
in β.
In Fig. 4.8 we show four examples of the spectrum of UˆCDHM(T, 0) under OBC. In
Fig. 4.8(a), the edge modes are correctly predicted by the Chern numbers in the same
way as in the integer quantum Hall effect [60, 61, 137]. Namely, the Chern number
of each band equals the difference between the number of chiral modes (counted
with ‘±’ signs in accordance with their chirality) above and below the band on a
single edge of the system. For example, considering the right edge of the system
considered in Fig. 4.8(a), the middle band has two chiral modes in the gap below it
with negative ‘group velocities’ and two chiral modes above it with positive ‘group
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velocities’ [Here the ‘group velocity’ refers to the interpretation of β as another
quasimomentum. It acquires its exact physical meaning through the mapping in
Eq. (4.4)]. Counting each chiral mode with positive (negative) ‘group velocity’ as
+1 (−1), the bulk-edge correspondence is clear from the fact that the difference
between the chiral modes above and below the band is equal to the band’s Chern
number [i.e., C2 = +4 = +2 − (−2)]. Similar analysis applies for the other bands.
As such, in this particular case the knowledge of all the band Chern numbers does
determine the number of edge modes in the system within each gap in this case. This
is no longer true for the case in Fig. 4.8(b) for a different set of system parameters.
There we see that, above and below the middle band, there exist chiral edge modes
localized on the same edge traversing the band gap with opposite chirality. Such
anomalous edge modes were first reported in an earlier study of the kicked Harper
model (or a kicked quantum Hall system) [189]. They are anomalous in the sense
that one cannot correctly predict their existence even with a complete knowledge
of the Chern numbers of all the bands. This is a noteworthy result because prior
to Ref. [189], no systems had been shown to have such anomalous edge modes. We
note that the anomalous modes seen in Fig. 4.8(b) for the CDHM mark the first
time these modes are reported in a continuously driven model.
As a final remark, we note that the existence of these anomalous edge modes
cannot be explained by the chiral symmetry analysis used in Ref. [33] (the analysis
therein can only explain the existence of the anomalous modes at eigenphase pi), nor
can it be explained by the two-leg ladder model of Ref. [189], in which anomalous
modes in the middle gaps are always accompanied by other anomalous modes in the
gaps at quasienergy ±pi. Our results here hence call for a better understanding of
anomalous edge modes in periodically driven systems. In Fig. 4.8(d), the bulk band
Chern numbers are chosen to be large, and as expected, many edge modes are found
and their behavior is seen to be rather complicated (but consistent with our chiral
symmetry analysis). In particular, more edge modes are deformed, as analogous to
some static systems [3].
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In Fig. 4.8(c), we show the spectrum of CDHM in a 4-band case where degen-
erate zero modes are observed in the spectral gap. Because these zero modes have
also been found in other periodically driven models [72, 161], this is not a total-
ly unexpected result. However, once again our observation here indicates that a
continuously driven model can possess interesting topological aspects with its own
unique features. It would be interesting to consider possible constructions of topo-
logical invariants which can predict the exact number of these zero modes. But this
is beyond the scope of this chapter.
4.4 Possible Experimental Realizations
To consider an experimental realization of our model, we first rewrite the time-














cos(2piαm− 2β − Ωt) |m〉 〈m| . (4.13)
Here |m〉 refers to the Wannier state localized at lattice site m, α = k2/k1 is the
ratio of two lattice wave numbers, J/2 is the nearest-neighbor tunneling energy
and V/2 is the strength of the superlattice potential. When the driving frequency
Ω = 0, this can still be regarded as a static Harper model, but with two superlattice
potentials possessing a relative phase shift of 2β. We note that the Harper model
was experimentally realized in Ref. [136] by loading a non-interacting BEC into a 1D
optical lattice accompanied by a secondary lattice potential. So we focus on a cold-






cos(2piαm+ Ωt) |m〉 〈m| , (4.14)
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Fig. 4.9: (color online). Edge states of CDHM in a short lattice with T = 2 for different parameter
regimes. Bulk states are indexed with blue dots. (a) Eigenstates of CDHM in a 3-band case with
T = 2, J = 2pi/3, V = pi, β = 0.35pi. The length of the lattice is L = 9 while j refers to the index
of the eigenstate (indexed in increasing order with respect to the eigenphase). Edge states localized
on the right edge (j = 3, 7) are indicated by green circles while those on the left edge (j = 4, 6)
are indicated by red crosses. (b)-(e) The probability distributions of states with index j = 3, 4, 5, 7 in
Fig. (a). The total occupation probabilities in the first or the last three lattice sites are approximately
0.97, 0.95, 0.90, 0.93 in these four cases respectively. (f) Eigenstates of CDHM in a 4-band case with
T = 2, J = pi/2, V = pi, β = pi/4. The length of the lattice is L = 12. Edge states (j = 6, 7) localized
around both edges are indicated by magenta crosses. (g)-(h) The probability distribution of states with
index j = 6, 7 in Fig. (f). The total occupation probability in the first and last four lattice sites are both
approximately 0.96 in the two cases.
with Ω 6= 0 by linearly chirping the frequencies of two counter-propagating waves.
This being the case, it seems not challenging to form a second analogous superlattice





cos(2piαm− 2β − Ωt) |m〉 〈m| , (4.15)
using the same method. The second superlattice potential is shifted from the first
one by a phase of 2β.
In such a cold-atom setup, the wavepacket dynamics may be tracked by taking
a picture of the atomic cloud after each driving period [136]. Our numerics suggest
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that a 1D lattice with very few sites (around 10 sites only) is already enough to
detect Floquet chiral edge modes and degenerate zero modes, a fact which might
be of experimental interest since it is difficult to realize a large number of lattice
sites in actual experiments. In Fig. 4.9 we show the numerically obtained profiles
for the edge states in two cases with 3 bands and 4 bands, using 9 and 12 lattice
sites respectively. It is seen that in a relatively short lattice, the edge states have
more than 90% of their probability distributed on the first three or four lattice sites
at the boundaries. In particular, for the 3-band case, the number of edge states
within each gap for a 9-site lattice under OBC is found to be the same as that for
a very long lattice under OBC, which is also consistent with the bulk band Chern
number. In the 4-band case, almost degenerate modes close to zero quasi-energy are
found despite the fact that we used only 12 lattice sites in our simulation. These
numerical findings suggest that a short lattice already suffices in experiments. Edge
modes, once excited, may be imaged by suddenly switching off the main harmonic
confinement and letting the atoms expand along the lattice, then detecting the
spatial distribution of the atoms using absorption imaging [136]. By scanning over
different values of β, one may compare the behavior of edge states in experiments
with that obtained in theories. Possible Floquet topological phase transitions might
be detected via the concept of quantized adiabatic pumping in periodically driven
systems [31]. This can be a demanding task because in driven systems, one cannot
count on the existence of a Fermi energy to uniformly fill a band. In the next chapter
we will consider the pumping of some easier-to-prepare initial states in order to
better detect the topological phase transitions in a periodically driven system.
4.5 Concluding Remarks
In this chapter we have shown that a variety of topological phases which do not
exist in the static Aubry-André-Harper model can be generated using the CDHM,
a rather simple 1D periodically driven system. Under the PBC, the eigenphase
spectrum of the system groups into Floquet bands with nonzero Chern numbers.
84
Chapter 4. Floquet Bands and Topological Phase Transitions in a Continuously Driven Superlattice
We numerically demonstrated many topological phase transitions by changing the
hopping amplitude, the superlattice potential and the driving period of the system.
We showed that a Wannier state prepared on an isolated band moves through a
quantized number of lattice sites within an adiabatic cycle. In 3-band and 5-band
cases, very flat yet topologically nontrivial Floquet bands are shown to emerge
around the eigenphase zero under certain choices of system parameters. In the 4-
band case, two Floquet bands are found to intersect conically at zero eigenphase,
forming Dirac cones. Wavepackets prepared on these cones were shown to move
non-dispersively in the lattice.
Under the OBC, we numerically observed that the nontrivial topology of Floquet
bands manifests itself as chiral edge modes traversing the bulk gap. In 3-band and 5-
band cases, anomalous edge modes with opposite chiralities were found to emerge on
the same edge of the system. In the 4-band case, topologically protected degenerate
edge modes appeared at eigenphase zero. With all these detailed results, it is evident
that CDHM should be a highly fruitful platform to systematically study Floquet
topological states, both theoretically and experimentally.
In the future, it will be interesting to use the flat band as a starting point to
study strongly-correlated physics in Floquet systems by adding many-body inter-
action terms to the model. It will also be worthwhile to consider if the degenerate
zero modes found in CDHM may be utilized for quantum information applications.
Lastly, since the model was also studied in the context of quantum chaos, we note
again the potential of this model for probing possible connections between topolog-
ical phase transitions in a quantum system and the regular-to-chaos transitions in
its underlying classical limit.
In this chapter we mainly focus on single band dynamics in Floquet systems. In
the next chapter we will consider the case when the initial state coherently populates
several bands. In this situation we will show that the interband coherence (IBC)
in the initial state could also make a significant contribution to adiabatic transport
in periodically driven quantum systems, and strongly modify the behavior of the
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system around its topological phase transition points.
4.A Details on Band Structure Calculation





UˆKHM(tj , tj−1) = e−iHˆ(tN )∆t · · · e−iHˆ(tj)∆t · · · e−iHˆ(t1)∆t (4.16)
where j = 1, ..., N , ∆t = TN , tj = j∆t and
Hˆ(tj) = J cos(kˆ) + V cos(2piαmˆ− β) cos(Ωtj) (4.17)
Each Hˆ(tj) describes a static system and the corresponding propagator from tj−1
to tj is given by
UˆKHM(tj , tj−1) = e−i[J cos(kˆ)+V cos(2piαmˆ−β) cos(Ωtj)]∆t (4.18)
Since ∆t is supposed to be small, we can further split the above propagator into two
parts corresponding to the hopping and the superlattice potential term, separately,
which then leads to:
UˆKHM(tj , tj−1) ≈ e−iJ cos(kˆ)∆te−iV cos(2piαmˆ−β) cos(Ωtj)∆t (4.19)
UˆKHM(tj , tj−1) has the same form as the Floquet operator of the kicked Harper
model (KHM) [33]. When α = pq , UˆKHM(tj , tj−1) is a q by q matrix in the Floquet
band representation with matrix elements:
[UˆKHM(tj , tj−1)]mn =
∞∑
N=−∞
〈m|UˆKHM(tj , tj−1)|n+Nq〉eiNφ, (4.20)
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where m,n = 1, ..., q and mˆ|m〉 = m|m〉. Inserting Eq. (4.19) into Eq. (4.20), we
find the following explicit expression for the one-step propagator UˆKHM(tj , tj−1) in
the Floquet band representation:






































Here Ui with i = 1, 2, 3, 4, 5 are all q by q matrices. To derive this expression, we first
insert the identity
∫ 2pi
0 |k〉〈k|dk = 1 between e−iJ cos(kˆ)∆t and e−iV cos(2piαmˆ−β) cos(Ωtj)∆t,
and use the relation 〈k|m〉 = 1√2pieimk. After that, we perform the summation over












The convention we took for expressing matrix elements is that, e.g., the matrix
element at row m and column l of U2 is given by 1√qe
−i 2pi
q
ml. In this notation U1,3,5
are all diagonal matrices. The Floquet spectrum in Fig. 4.3 is then obtained by
plugging Eq. (4.21) into Eq. (4.16) and diagonalizing UˆCDHM(T, 0) in the Floquet
band representation.
4.B The Chiral Symmetry of CDHM
The Floquet operator for CDHM at a fixed phase shift β is defined as:
UˆCDHM(T, 0) = T e−i
∫ T
0 dt [J cos(kˆ)+V cos(2piαmˆ−β) cos(Ωt)], (4.23)
where we choose α = p/q with p, q being co-prime integers. The driving frequency
is Ω = 2pi/T . In the main text we observed that the spectrum of UˆCDHM(T, 0) with
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respect to β has mirror symmetry with respect to the eigenphase zero and transla-
tional symmetry over pi in the β direction. These properties can be understood by
analyzing the chiral symmetry of CDHM.
In the main text, we define the chiral symmetry operator as ΓCDHM = eimˆpi.
This operator is unitary and square to be 1, which means that:
ΓCDHM = Γ−1CDHM = Γ
†
CDHM. (4.24)
Here mˆ is the position operator which can only take integer values. This operator
then performs a local unitary transformation in the position space. In the following
we will prove the existence of two characteristics of the CDHM Floquet operator:
ΓCDHMUˆCDHM;β(T, 0)ΓCDHM = Uˆ †CDHM;β+pi(T, 0) (4.25)
and
ΓCDHMUˆCDHM(3T/4,−T/4)ΓCDHM = Uˆ †CDHM(3T/4,−T/4). (4.26)
Here we use UˆCDHM;β(T, 0) and Uˆ †CDHM;β+pi(T, 0) to emphasize two CDHM Floquet
operators for different β values.











































In the product we let N →∞, ∆t→ 0 and keep N∆t = T . On the right hand side
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Now it is easy to see that at each position of the product the left hand side equals
the right hand side, since for any M belongs to [0, N ] we have cos [Ω(N −M)∆t] =
cos(ΩM∆t). It is not hard to show that the relation (4.25) is also true under the
OBC. For the Floquet spectrum, this simply means that given an eigenstate |ψ〉 at
any β with eigenphase ω, there must be another eigenstate ΓCDHM |ψ〉 at β+pi with
eigenphase −ω.



































































































4.C. The Origin of the Even Chern Number of all Bands for Odd q
The left hand side and right hand side are then equal with each other, since for
every term in the same position of the product and any M belongs to [0, N ], we
have
cos [Ω(3N/4−M)∆t] = − cos [Ω(N/4−M)∆t] . (4.31)
Again, it can be shown that relation (4.26) also holds under OBC. This result means
that given an eigenstate |ψ〉 at any β with the eigenphase ω, then there must be
another eigenstate ΓCDHM |ψ〉 at the same phase shift β with the eigenphase −ω.
Relations (4.25) and (4.26) show the chiral symmetry of CDHM under two d-
ifferent choices of the symmetric time frame [5]. Finally, noting that a different
choice of the starting time to express a Floquet operator cannot change its spec-
trum, it becomes obvious that UˆCDHM(T, 0) and UˆCDHM(3T/4,−T/4) share the
same eigenphase spectrum. One can then conclude that, the eigenphase spectrum
of CDHM with respect to the phase shift β has a reflection symmetry with respect to
eigenphase 0 and a pi-translational symmetry along the β-direction. Our numerical
observations have confirmed these spectral features.
4.C The Origin of the Even Chern Number of all Bands for
Odd q
From the Chern number tables in the main text, we see that in 3-band and 5-band
cases, all bands have even Chern numbers. To understand this, we rewrite our model
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2 |m〉 〈m| cos(2piαm− 2β − Ωt)
] (4.33)
The Floquet operator under this time shift is related to the old one by a unitary
transformation:
UˆCDHM(T + β/Ω, β/Ω) = UˆCDHM(β/Ω, 0)UˆCDHM(T, 0)UˆCDHM(0, β/Ω). (4.34)
This transformation only depends on β/Ω explicitly and thus will not affect the
Chern number of the bands. To show this, denote UˆCDHM(β/Ω, 0) as Uˆ(β) and
the eigenstate of UˆCDHM(T, 0) on band n at a BZ point (φ, β) as |ψn(φ, β)〉. Using
an explicit Berry curvature expression for the band Chern numbers [31], the Chern
number C ′n of the nth Floquet band for the new operator UˆCDHM(T + β/Ω, β/Ω) is






































〈ψn(φ, β)|Uˆ †(β)∂βUˆ(β)|ψn(φ, β)〉|φ=2piφ=0 .
(4.35)
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The last term on the right hand side equals zero due to the single valuedness of
the eigenstate at the same BZ point. This indicates that for each Floquet band,
the operator UˆCDHM(T + β/Ω, β/Ω) and UˆCDHM(T, 0) have exactly the same Chern
numbers.
From the new Floquet operator we can see that if we scan β from 0 to 2pi, 2β
will goes from 0 to 4pi. So in this representation, the Chern number calculation
previously defined can be regarded as a Berry curvature integral over a BZ of size
[0, 2pi)×[0, 4pi), which is just two copies of the standard one. Because in the standard
BZ of size [0, 2pi)× [0, 2pi), a Floquet band must have an integer Chern number, then
this new representation exposing two copies of the standard BZ indicates that the




Correction to Adiabatic Pumping in
Periodically Driven Systems
In the pervious chapter, we have seen that periodic driving can create topological
phases of matter absent in static systems, and their properties might be demonstrat-
ed in terms of quantized adiabatic transport. There, to ensure that the amount of
pumping (or equivalently, the shift of the Wannier state center) over one adiabatic
cycle is quantized, the initial state should be a uniform superposition of Floquet-
Bloch states across a filled Floquet band. In a static system at zero temperature,
such kind of initial state is a natural choice if the Fermi level resides in the insu-
lating band gap. However, Floquet bands are quasienergy bands for which there
is no natural distinction between ground and excited states. In this situation, the
initial state will in general populate several Floquet bands coherently, and it would
be interesting to know how will the interband coherence in the initial state affect the
adiabatic quantum dynamics. In this chapter, we explore the physics of quantum
adiabatic pumping for such kinds of initial states in Floquet systems. We will show
that, under one symmetry assumption, the displacement of the wavepacket center
over one adiabatic cycle is comprised by two components, both independent of the
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time scale of the adiabatic cycle. One of them is a weighted integral of the Berry
curvature summed over all Floquet bands, which will reduce to the Chern number
if initially only one band is filled. The other part is an interband coherence induced
correction. This correction goes beyond a naive application of the quantum adia-
batic theorem, and survives in the adiabatic limit due to the interband coherence.
Our theoretical results are hence of general interest towards an improved under-
standing of the quantum adiabatic theorem. The continuously driven Harper model
we studied in the previous chapter will be used to verify our theoretical predictions
in this chapter. In addition to probing topological phase transitions, the adiabatic
dynamics studied here is also anticipated to be useful in manifesting coherence and
decoherence effects in Floquet-Bloch systems. One such example will be studied in
the next chapter.
5.1 Introduction
Roaming in a periodic crystal, the dynamics of noninteracting electrons can be
conveniently described by Bloch bands and their corresponding eigenstates (Bloch
waves). Similarly, Floquet-Bloch (quasienergy) bands could capture almost all as-
pects of single-particle dynamics in a periodically driven system with translational
symmetry. As shown by recent theoretical and experimental studies [5, 22, 26, 30,
31, 33, 35, 72, 74, 76, 79, 90, 95, 99, 103, 108, 115, 121, 126, 129, 131, 137, 141,
161, 188–190], Floquet bands may possess many intriguing topological phases that
are absent in static systems. In the previous chapter we have also studied one such
example. To demonstrate these intriguing nonequilibrium topological phases in ex-
periments, it is important to connect Floquet band topology with observables and
identify clear signatures of the associated topological phase transitions. To that end,
one possible choice is to detect topologically protected edge states, which serve as
windows to bulk topological properties. But the issue of bulk-edge correspondence
in driven systems is still under debate and development [5, 33, 137, 189].
As we have discussed in the second chapter, Thouless’s adiabatic pumping shares
94
Chapter 5. Interband Coherence Induced Correction to Adiabatic Pumping in Periodically Driven Systems
the same topological origin as the 2-dimensional integer quantum Hall effect [112,
158, 173, 181]. There the sum of the Chern numbers of all filled energy bands below
the Fermi surface determines the number of pumped charges over one adiabatic
cycle in a one-dimensional periodic lattice [158]. This result is also applicable to
many-body systems and systems with disorder [181]. In non-equilibrium situations,
such as driven closed systems, there is no longer a Fermi surface to guarantee either
filled or empty Floquet bands. Nevertheless, an analogous link between Floquet
band topology and adiabatic transport was also found in some recent studies [31,
188]. For a closed system (here we do not consider a system attached to leads
as traditional transport problems in mesoscopic systems), we also mentioned that
Thouless’s result could be re-interpreted as the quantized displacement of a band
Wannier state over one adiabatic cycle [15]. This interpretation is fully consistent
with the modern polarization theory [77]. In parallel to this, the displacement of
the position expectation value of a coherent wavepacket, prepared initially as a
Wannier state of one Floquet band, can also be connected with the Floquet-band
Chern number [31, 188]. However, this result is still of limited use in detecting
topological phase transitions, because the initial-state preparation already needs
the full knowledge of a Floquet band (which is often unavailable) and the initial
state has yet to be re-prepared when a system parameter changes.
In this chapter we consider a type of adiabatic dynamics in periodically driven
systems for general initial states. To simplify the analysis, our calculations are
based on single-particle wavepacket dynamics. One of our motivations is to address
more realistic situations, where the dynamics emanates from an easy-to-prepare
initial state regardless of other system parameters. The initial state then naturally
occupies many Floquet bands and thus constitutes a coherent superposition across
different Floquet bands. As shown below, such interband coherence (IBC) has
a rather surprising contribution to the adiabatic dynamics. That is, under one
symmetry condition, the displacement of the time-evolving wavepacket is given by
two components: a weighted integral of the Berry curvature summed over all Floquet
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bands, plus an IBC induced correction not captured by a naive application of the
quantum adiabatic theorem. This correction is independent of the duration of an
adiabatic cycle. That is, no matter how slowly an adiabatic protocol is executed, the
same correction emerges. But it is sensitive to how fast a specific adiabatic protocol
is initiated. We shall also briefly discuss the implications of the found correction.
5.2 Population Correction in Adiabatic Following
We start with a one-dimensional driven Hamiltonian Hβ(x, t), where x and t rep-
resent coordinate and time, respectively. The driving period is assumed to be τ ,
i.e., Hβ(x, t + τ) = Hβ(x, t). At any time t, the driving field maintains the spatial
periodicity of the undriven system, with Hβ(x + a, t) = Hβ(x, t), where a is the
lattice constant. On top of the periodic driving, the dimensionless parameter β is
tunable, thus allowing for an adiabatic protocol to be considered later. Without
loss of generality β is assumed to be a periodic parameter with period 2pi. Define
U(β) as the Floquet (one-period time evolution) operator and |ψn,k(β)〉 as Floquet
eigenstates normalized over one unit cell. |ψn,k(β)〉 are Bloch states characterized
by the quasimomentum k, with eigenphases ωn,k(β). That is,
U(β)|ψn,k(β)〉 = e−iωn,k(β)|ψn,k(β)〉. (5.1)
The collection of eigenphases ωn,k(β) for k ∈ [−pi/a, pi/a) and for β ∈ [0, 2pi) form the
nth Floquet-Bloch band. The Floquet-Bloch bands are assumed to be gapped. The
phase convention of the Floquet eigenstates is chosen to be 〈ψn,k(β)|dψn,k(β)/dβ〉 =
0, i.e., the so-called parallel transport condition. Under this convention, |ψn,k(β =
2pi)〉 = e−iγn,k |ψn,k(β = 0)〉, where γn,k is the Berry phase.
Consider then an adiabatic protocol β = β(s) of duration Tτ , where s = t/(Tτ)
is the scaled time, with β(0) = 0, and β(1) = 2pi. For example, β(s) = 2pis indicates
a linear sweeping of β. Because the Hamiltonian is periodic in β with a period
2pi, such a protocol achieves an adiabatic cycle. For the convenience of defining
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an adiabatic process in Floquet band representations, each small increment in β is
introduced at multiple (j) periods of driving, i.e., at tj = jτ or sj = j/T . We define





namely, the accumulation of the instantaneous Floquet eigenphases ωn,k(β) from
s = 0 to s = sj . For very large T , sj+1 − sj = 1/T can be approximated by the
differential ds, which then gives an alternative but integral form of the dynamical
phase: Ωn,k(s) = T
∫ s
0 ωn,k[β(s)]ds. As a somewhat standard technique, we decom-











where Cn,k(0) depicts the amplitude of the initial state |Ψ(0)〉 in Floquet-Bloch
basis, with ρn,k(0) ≡ |Cn,k(0)|2 being the initial population on the nth band with
quasimomentum k. Note also that each k component of the initial state can be
considered separately because k is a conserved quantity throughout. Now by our
construction
|Ψ(s+ ds)〉 = U [β(s+ ds)]|Ψ(s)〉, (5.4)
where U [β(s+ds)] is the one period evolution operator. Projecting |Ψ(s+ds)〉 onto






Cm,k(s)e−iΩm,k(s)〈ψn,k [β(s+ ds)] |ψm,k [β(s)]〉 .
(5.5)
Note that k is conserved so that different k components are not coupled to each
other. The right hand side of Eq. (5.5) can be divided into a term with m = n and
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other terms with m 6= n. Moving the m = n term to the left hand side of Eq. (5.5)





ei[Ωn,k(s)−Ωm,k(s)]Cm,k(s)〈ψn,k [β(s)] | ddsψm,k [β(s)]〉 . (5.6)
Equation (5.6) describes possible transitions between instantaneous Floquet eigen-
states of different band indices m and n. A naive application of the adiabatic the-
orem would be equivalent to setting dCn,k/ds = 0. In the same spirit of Thouless’s
derivation of adiabatic pumping [158, 181], we will go beyond this crude adiabatic
approximation by integrating Eq. (5.6) and keeping terms up to the order of 1/T .





the change in the dynamical phase factor after one more slight change in β is in-
troduced upon one more period of driving. This indicates that the minimal change
in the dynamical phase as s → s + ds is ωn,k[β(s + ds)], i.e., the instantaneous


























We are now ready to integrate Eq. (5.6) by parts via the relation in Eq. (5.9).
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Ignoring this term of the order of 1/T 2, we find that up to order 1/T , the amplitude
on the nth band with quasimomentum k at scaled time s = 1 is given by:



















Technically, Eqs. (5.12) and (5.13) are not completely parallel to what can be ex-
pected from a conventional first-order adiabatic perturbation theory for non-driven
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systems. This is mainly because here, as s → s + ds, the minimal change in the
dynamical phase Ωn,k(s) is given by ωn,k[β(s)] [see Eq. (5.2)]. Indeed, to our knowl-
edge, Eqs. (5.12) and (5.13) represent the first explicit result of a first-order adiabatic
perturbation theory applied to periodically driven systems.
Of more significance is the slight correction to the population on each instanta-
neous Floquet eigenstate, which cannot be identically zero in any finite-time adia-
batic protocol. Let the population change on the nth instantaneous Floquet band
with quasi-momentum k be
∆ρn,k ≡ |Cn,k(1)|2 − ρn,k(0). (5.14)













Two observations can now be made. If, as in previous studies [31, 188], the ini-
tial state is deliberately prepared on one single Floquet band, then the cross term
C∗n,k(0)Cm,k(0) is zero and hence ∆ρn,k at least scales as 1/T 2. This scaling is well
known. By contrast and much less discussed, for a general initial state as a natural
superposition state across multiple bands, the coherence cross term C∗n,k(0)Cm,k(0)
is in general nonzero and as a result ∆ρn,k scales as 1/T . Such two types of scal-
ing are caused entirely by IBC. That is, as far as the correction to population is
concerned, the adiabatic following of a superposition of instantaneous eigenstates is
markedly different from that starting from a single instantaneous eigenstate.
In the following section we will see how would such a correction term contribute
to the pumping current in a Floquet-Bloch system.
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5.3 Wavepacket Dynamics During an Adiabatic Cycle
In this section, the adiabatic dynamics is considered in terms of the change in the
position expectation value of the initial state over one adiabatic cycle, denoted by






















[∆ρn,k + ρn,k(0)], (5.16)
where the role of the above-discussed population correction ∆ρn,k is highlighted.
In the following we present a detailed derivation of this quantity. The goal is
to connect the change in the expectation value of position with a weighted integral
of the Berry phase derivative dγn,kdk and the dynamical phase derivative
dΩn,k(1)
dk .
The weighting factor |Cn,k(1)|2 is the final state population on the nth band with
quasimomentum k. Throughout k ∈ [−pia , pia ) is assumed to be in the first Brillouin
zone, where a is the lattice constant of the driven system.
Qualitatively, Eq. (5.16) is somewhat intuitive because the position operator x
should be somewhat related to i ddk . However, for a general initial state involving
interband coherence (IBC), it is helpful and useful to present a detailed derivation.
We start by rewriting the Floquet Bloch states |ψn,k〉 in terms of |un,k〉 normalized
over one unit cell, with un,k(x) ≡ 〈x|un,k〉 being a periodic function of x with period
a. That is,
〈x|ψn,k〉 = eikx〈x|un,k〉;
〈x+ a|un,k〉 = 〈x|un,k〉 .
(5.17)
Consider now an arbitrary state |Ψ〉, expanded as a superposition state across














5.3. Wavepacket Dynamics During an Adiabatic Cycle
Here we do not separate out a dynamical phase factor from the expansion coefficient.
The β-dependence of the Floquet states is also suppressed here because we first
target at an expression for an arbitrary value of β. The position expectation value































































































Substituting the relation of Eq. (5.20) back into Eq. (5.19), we then obtain
























To proceed further, we separate the integration over x into a summation over a unit










































where x = x˜ + j · a and x˜ denotes the coordinate within one unit cell. In reaching
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Let us first focus on the third term in Eq. (5.24). Because Dn,k and Dm,k are
the quantum amplitudes on different Floquet bands with different quasienergies, in
general this term will, as time evolves, become a highly oscillating function of k and
will then make a vanishing contribution to 〈x〉. To best illustrate this, it suffices to
consider a driven system in the absence of the adiabatic protocol, i.e., at a fixed β,
with an evolution time Tτ . In that simplified case, Dn,k(s) = Dn,k(0)e−iωn,k(β)T .






dk e−iT [ωm,k(β)−ωn,k(β)]Gnm,k , (5.25)
where Gnm,k ≡ D∗n,k(0)Dm,k(0)〈un,k| ∂∂k |um,k〉. It is now clear that this term will in-
volve an integral of a highly oscillating function due to the factor e−iT [ωm,k(β)−ωn,k(β)]
in the integrand. Analogous to the technique used in our adiabatic perturbation the-
ory detailed in the previous section, one can now perform an integration by parts in
Eq. (5.25). It is then evident that this term is at most of the order of 1/T and can
thus be neglected in the adiabatic limit (T → ∞). Note that this third term does
not have to be negligible at the start time due to the lack of the highly oscillating
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phase factor. Nevertheless, even if at the very start of an adiabatic protocol it hap-
pens to be nonzero, it is still a transient effect, insofar as at the start of the second
adiabatic cycle, this term still gives a negligible contribution to 〈x〉. In addition, in
our numerical studies of the continuously driven Harper model, this term is found
to be already vanishingly small at the start of the first adiabatic cycle.
After dropping the third term in the last line of Eq. (5.24), let us now compare
the difference in 〈x〉 between the initial state and the final state of a pumping
protocol. For the initial state in the representation of |ψn,k(β = 0)〉, we have
Dn,k = Cn,k(0). (5.26)
From Eq. (5.24), one finds the initial position expectation value to be




















where |un,k〉 is now associated with Floquet eigenstates for β = 0. For the final
state, according to Eq. (5.3),











Cn,k(1)e−iΩn,k(1)|ψn,k(β = 1)〉. (5.28)
Using |ψn,k(β = 1)〉 = e−iγn,k |ψn,k(β = 0)〉, the expansion coefficients Dn,k, still in
the representation of |ψn,k(β = 0)〉, is found to be
Dn,k = Cn,k(1)e−i[γn,k+Ωn,k(1)]. (5.29)
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Using Eq. (5.24) again, one finds the corresponding (final) position expectation value

































The final result in terms of ∆〈x〉 ≡ 〈x〉(s = 1) − 〈x〉(s = 0) can then be obtained
by subtracting Eq. (5.27) from Eq. (5.30). As indicated by Eq. (5.12), Cn,k(1) and
Cn,k(0) differ only by a term of the order of 1/T . Therefore, for sufficiently large T ,















So we finished our derivation of Eq. (5.16). Note that in Eq. (5.31) we cannot replace
|Cn,k(1)|2 by |Cn,k(0)|2 as in treating other terms simply because it is accompanied
by the factor dΩn,k(1)dk that is proportional to T .
Now we go back to Eq. (5.16). Upon a multiplication of the two factors in the
integrand, four terms emerge. Because the geometric phase γn,k is independent of T
and ∆ρn,k scales as 1/T , the first term dγn,kdk ∆ρn,k vanishes as T → +∞. The second
term dγn,kdk ρn,k(0) is the Berry phase derivative weighted by an initial distribution.
Of special interest is the third term dΩn,k(1)dk ∆ρn,k. Even though ∆ρn,k scales as
1/T , the dynamical phase Ωn,k(1) and hence its derivative dΩn,k(1)dk is proportional
to T . As such this product scales as T 0 and will not vanish even when T → +∞!
Finally, the fourth term dΩn,k(1)dk ρn,k(0) reflects the influence of ballistic motion on
∆〈x〉 and initial distribution ρn,k(0). With some symmetry in the spectrum and
in ρn,k(0), this fourth term vanishes upon an integration of k. For example, a
k-reflection symmetry in the populations ρn,k(0) = ρn,−k(0) and in the Floquet
spectrum ωn,−k(β) = ωn,k(β) suffices. Specifically, such kind of symmetry is often
the case if the initial state and the non-driven version of the system has reflection
symmetry in k-space.
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It is useful to rewrite dγn,kdk as
∫
dβBn(β, k), where Bn(β, k) is the Berry curvature
of the nth band, with















Now we will use the expression of ∆ρn,k from Eq. (5.15). Upon an integration over
k, only the Wnm,k(0) part in ∆ρn,k survives. To conclude our theory, we define the


























Both components in Eq. (5.35) are independent of T . One is just a Berry curva-
ture integral over a 2-torus of (β, k) with a nonuniform weighting factor ρn,k(0) (A
somewhat similar formula was given in Ref. [121] regarding conductance under ac
and dc fields). The other component is the IBC induced correction. In addition to
“off-diagonal” coherence C∗n,k(0)Cm,k(0), the correction is also related to Wnm,k(0).





So if two Floquet bands are almost touching at a particular value of k, then this
correction itself may become singular. Therefore, the found correction may be use-
ful in detecting topological phase transitions accompanied by band gap closings and
reopenings. Furthermore, because Wnm,k(0) presented in Eq. (5.13) is proportional
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Fig. 5.1: (color online) (a) Floquet eigenphases of CDHM plotted as a function of k and β. (b)
Probability distribution function ρn,k(0) on three bands, for an initial state exclusively located at site
l = 0. The CDHM parameters are J = K = 3.
to dβ(s)/ds at s = 0, it is seen that the found correction depends sensitively upon
how the adiabatic protocol is turned on in the very beginning. In this chapter the
switching-on of the adiabatic protocol is characterized by dβ(s)/ds = 2pi, but our
theory applies to other situations, as will be seen in the next chapter. It is also
interesting to note that, if the initial state is made to uniformly occupy one single
Floquet band (hence no IBC), then the correction term is zero. At the same time the
uniform Berry curvature integral precisely gives the Floquet band Chern number.
In retrospect, previous treatments [31, 188] based on an idealized adiabatic theorem
works simply because, without IBC the population correction ∆ρn,k scales as 1/T 2
instead and therefore it can be safely neglected. As a final remark, we stress that if
the initial state is not fixed and injected randomly (e.g., in a transport experiment
where the system is connected with two leads), then the IBC term needs not to be
considered because it will be self-averaged to zero. For this reason we emphasize
here that our results in this chapter are for a closed system that is periodically
driven. The case for static open systems will be studied in the following chapter.
5.4 Theory vs Model Calculations
In this section, we will apply our theory to the continuously driven Harper mod-
el (CDHM) [188, 190] studied in Chap. 4 of this thesis. Recall that CDHM describes
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a particle hopping on a 1D periodically modulated superlattice, whose dimensionless











cos (2piαl + β) a†l al, (5.36)
where l is the lattice index, a†l (al) is the creation (annihilation) operator, J is the
hopping amplitude, and K is the potential strength. This model may be potentially
realized in optical waveguide setups or by cold atoms in deep optical lattices [188,
190]. In accord with our general notation above, the adiabatic parameter is β, with
β(s) = 2pis. For α = M/N (M and N are two co-prime integers), the superlattice
potential has a period of N , yielding N well-gapped Floquet bands in general. Here
we choose M = 1 and N = 3, with τ = 2. The initial state is fixed, which is placed
exclusively at the site l = 0. Imagine an optical waveguide realization of our model.
Then our initial state requires that initially the light is injected in one waveguide
located at site zero. For a cold-atom setup, our initial state can describe an ensemble
of bosonic atoms initially all at site zero. Figure 5.1(a) shows a typical Floquet band
structure in the case of J = K = 3. When analyzed in terms of Floquet bands,
our seemingly simple initial state populates all three bands. Figure 5.1(b) depicts
the respective initial population on the three Floquet bands, which is denoted as
ρn,k(0) in our theory. Note also that both the spectrum and the initial state satisfy
a reflection symmetry in the k-space.
Presented in Fig. 5.2 is the population change ∆ρn,k vs k after one pumping
cycle, for the bottom Floquet band (see Fig. 5.1). Panel (a) displays the actual ∆ρn,k
obtained from dynamics calculations. Panel (b) depicts our theoretical result from
Eq. (5.15) based solely on an IBC analysis. The agreement between the theory and
the numerical experiment confirms our adiabatic perturbation theory for periodically
driven systems.
Next we check our central theoretical prediction presented in Eq. (5.35). To that
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Fig. 5.2: Actual (a) and theoretical (b) population change ∆ρn,k vs k, after one pumping cycle in
CDHM, for J = K = 3, and T = 1024.
end we consider the same adiabatic protocol with a varying duration T . As shown in
Fig. 5.3, the one-cycle displacement in the wavepacket center stays the same as we
change T over a wide range. The actual result is also compared with the integrated
Berry curvature weighted by ρn,k(0) (triangles in Fig. 5.3). It is seen that they are
far away from each other. Finally, the IBC effect beyond a naive application of the
quantum adiabatic theorem [presented in Eq. (5.35)] is included, with the corrected
prediction represented by the filled circles in Fig. 5.3. The theory perfectly agrees
with our dynamics calculations.
We now investigate the adiabatic dynamics in the vicinity of a topological phase
transition. We record and present ∆〈x〉 in Fig. 5.4 while scanning the value of
J = K ∈ [5.0, 5.3]. The actual result, smoothly varying over almost the whole
shown regime, becomes highly erratic in a small window around J = K = 5.15.
This behavior is fully consistent with the jump of the Floquet-band Chern numbers,
from (4,−8, 4) to (−8, 16,−8) at about J = K = 5.14 (earlier we observed this
topological phase transition in the same model in Chap. 4, or see Ref. [188]). Our
theoretical result also displays a sudden jump at about J = K = 5.14. In the
immediate neighborhood of this sudden jump, the actual result becomes sensitive
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Fig. 5.3: Time dependence of the position expectation value during one adiabatic cycle in CDHM.
The six solid lines (ending with empty circles) describe the actual dynamics result, for T =
1024, 2048, 3072, 4096, 5120, 6144. J = K = 4. Dashed line connecting filled circles represents our
theory in Eq. (5.35). Dashed line connecting triangles represents the Berry curvature component only.










Fig. 5.4: Detection of a topological phase transition in CDHM with J = K. The actual wavepacket
displacement (empty circles, for T = 2560) agrees with our theory (filled circles) except for a window
around J = 5.15. Triangles are the results excluding the IBC induced correction.
to T (see Fig. 4.5) and deviates from our theory based on adiabatic following. This
behavior is expected because there the Floquet bands almost touch with each other,
yielding more nonadiabatic effects for a protocol of a finite duration. We stress that
the successful detection of a topological phase transition illustrated here is achieved
using a very simple initial state regardless of system parameters. Note also that the
sole term of the weighted Berry curvature integral (triangles in Fig. 5.4) is far away
from the actual displacement of the wavepacket center.
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5.5 Summary
Under one symmetry assumption, we studied a type of adiabatic wavepacket dy-
namics in a closed and periodically driven system. The associated displacement of
wavepacket center over one adiabatic cycle is found to be comprised of two compo-
nents, both independent of the duration of an adiabatic protocol. In addition to a
weighted integral of the Berry curvature, there is an IBC induced correction. This
correction survives in the adiabatic limit, making it an important ingredient in an
improved understanding of the quantum adiabatic theorem. The explicit expression
of the found correction also indicates that it depends sensitively upon how fast an
adiabatic protocol is switched on in the very beginning. If we regard the adiabatic
protocol as a result of a very slow driving field, then the observation that how an
adiabatic protocol is switched on can affect the dynamics over an adiabatic cycle is
somewhat consistent with the following: in driven systems the switching-on protocol
of a driving field does play an important role [28].
Because the wavepacket displacement studied here depends on quantum coher-
ence in the representation of Floquet bands, our theory is also of interest to coherent
control studies [143] that advocated the utilization of quantum coherence to influ-
ence quantum dynamics. Indeed, one may further manipulate the IBC effect (e.g.,
by considering adiabatic protocols different from what is studied here) and thus
achieve a coherence-based control of the adiabatic dynamics. In addition to prob-
ing topological phase transitions, the adiabatic dynamics studied in this work is
anticipated to be useful in manifesting coherence and decoherence effects in driven
systems. To that end, a recent study of dissipative Floquet topological systems [28]
can be a useful starting point.
Since quantum systems are always subject to the influence of their surrounding
environment, a natural extension of the theory we developed in this chapter is to
take into account the decoherence effects. In the following chapter we will study
this in a special class of open system dynamics, and see how geometric properties






Effects of Dephasing on Quantum
Adiabatic Pumping with
Nonequilibrium Initial States
Adiabatic quantum pumping refers to wave packet transport induced by slowly and
periodically sweeping of system parameters. In previous chapters we have studied
adiabatic pumping in topologically nontrivial Floquet systems. In the light of recent
direct simulations of Thouless’s concept in cold-atom systems [40, 41], this chapter
investigates the dynamics of quantum adiabatic pumping subject to dephasing, for
rather general initial states with nonuniform populations and possibly interband
coherence. We first show that, the first order non-adiabatic transition probability
is composed of two parts, both modified by the dephasing. Despite one correction
previously found in specific systems, there is another correction term due to the
inter-level coherence (ILS) in the initial state. Based on these observations and one
symmetry assumption, we derive the pumped number of particles over one adiabatic
cycle in one-dimensional (1D) spatially periodic systems subject to pure-dephasing
Lindblad evolutions. For general kinds of initial states, the pumped number of
particles has two constituents: a geometric part weighted by the initial population
on each band, and a dynamical one, which survives even in the adiabatic limit due
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to the interband coherence (IBC) in the initial state. When the effect of dephasing
is switched off, the resulting current has a form parallel to our recent discoveries
in [171]. Theoretical results are carefully checked in a Chern insulator model coupled
to a pure-dephasing environment, providing a useful starting point to understand
quantum adiabatic pumping in general situations.
6.1 Introduction
The study on adiabatic quantum pumping dates back to the seminal work of Thou-
less [158], in which adiabatic pumps are constructed to explain the integer quantum
Hall effect and its topological origin. In Thouless’s pump, the total Chern number
of all filled Bloch bands below the Fermi surface determines the number of pumped
charges in a periodic lattice. This result is equally applicable to single-particle and
many-body systems [181].
In recent years, adiabatic quantum pumping has received a renewed interest due
to the striking development in topological states of matter and the construction of
versatile quantum simulators [14, 97]. There, several kinds of quantum pumps have
been proposed to study transport in topological nontrivial phases, topological phase
transitions and coherent control of quantum dynamics [12, 24, 25, 88, 104, 112, 114,
151, 173, 177]. Recently, Thouless’s pumping has also been extended to periodically
driven quantum systems to manifest the topology of Floquet quasienergy bands
instead of energy bands [31, 171, 188].
In simulating quantum pumping with cold-atom [40, 41] and waveguide [88]
systems, the initial state might not be the zero-temperature equilibrium state con-
sidered by Thouless. There are at least three reasons why nonequilibrium initial
states should be investigated theoretically. First, if a bosonic system is pumped,
there does not exist a Fermi surface to automatically guarantee full and uniform
band filling. Second, even for a fermionic system, loading the particles into a lattice
in an actual experiment is nontrivial and might not result in uniform populations
within one band [41]. Third, a simple initial state localized in an optical or waveg-
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uide lattice may possess interband coherence (IBC) [171] in the band representation.
These nonequilibrium situations occur even more frequently in studies of quantum
adiabatic pumping in periodically driven systems [31, 171, 188]. It is hence of both
fundamental and practical interest to extend Thouless’s pumping to nonequilibrium
initial states. Indeed, in a recent study, IBC is found to induce a remarkable correc-
tion to adiabatic pumping in driven systems, regardless of how slowly the pumping
is executed [171].
In this chapter we study dephasing effects on adiabatic pumping dynamics with
rather general initial states. On the one hand, realistic systems are always subject to
dephasing, so how dephasing affects quantum pumping is of theoretical interest. On
the other hand, in well controlled experimental systems it is possible to deliberately
introduce dephasing effects into the setup so as to manifest the findings described
below. Specifically, with a minimal pure-dephasing model and certain assumptions,
we find that the number of pumped particles over one cycle comprises two com-
ponents of different nature: one dephasing-modified geometric component weighted
by initial state populations on different Bloch states, and a second component in-
duced by IBC but compromised by dephasing, with both of them independent of
the pumping time scale. The overall pumping hence depends on the band topology,
initial band populations, initial IBC, and dephasing, offering a stimulating starting
point to understand quantum adiabatic pumping with dephasing and in nonequilib-
rium situations. Our theory is fully checked in a Chern insulator model coupled to
a pure-dephasing environment.
6.2 Dephasing-Induced Corrections to Population Transfer
We start with a quantum system described by a time-dependent Hamiltonian H(s),
where s = vt is the scaled time, with v and t representing the sweeping speed of
the parameter s and the time, respectively. We assume that for any value of s, the
spectrum of H(s) is formed by a finite number of well-gapped energy levels, and
these levels never cross each other during the whole evolution process. The time
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evolution of the system starts at s = s0 and ends at s = s1. From the quantum
adiabatic theorem, for a sweeping speed v that approaches zero, the state of the
system will follow the path of the instantaneous eigenstates of H(s), and there
will be no transitions among instantaneous eigenstates of H(s) during the whole
evolution process. If initially only one eigenstate of H(s0) is populated, then for a
small but finite value of v, the lowest order non-adiabatic transition probability is
proportional to v2.
To account for dephasing in a solvable manner in the context of adiabatic pump-
ing, we exploit the following master equation in the Lindblad form [16]:
v
d







Here the Planck constant ~ is set to be 1. s is used to reflect the time, ρ(s) is the
density matrix of the system at t = s/v, A(s) is a Hermitian Lindblad operator, and
γ denotes the dephasing rate. Though this treatment does not explicitly consider
bath degrees of freedom and has ignored all non-Markovian effects, it does allow us to
closely follow our previous work [171] and to clearly reveal the competition between
IBC and dephasing. Further, to have a simplest model incorporating dephasing
effects, the time-varying Hamiltonian H(s) and the Lindblad operator A(s) are
assumed to be always commutable. By this construction, the system-environment
coupling does not directly introduce transitions between instantaneous eigenstates
of H(s). That is, we adopt a model based on pure-dephasing Lindblad evolution [8].
The instantanoues eigenstates of H(s) are denoted by |m(s)〉, with H(s)|m(s)〉 =
Em(s)|m(s)〉. The parallel transport gauge convention 〈m(s)| ddsm(s)〉 = 0 is adopted
for convenience. Because A(s) commutes with H(s), |m(s)〉 are also chosen as
eigenstates of A(s), with A(s)|m(s)〉 = Am(s)|m(s)〉.
We first aim to show how both nonadiabaticity and dephasing affect the pop-
ulations on, and the coherence between instantaneous eigenstates of H(s), up to
first order in v during a pumping protocol. We project ρ(s) onto the instantaneous
eigenstates 〈m(s)| and |j(s)〉 of H(s), yielding ρ(s) = ∑mj ρmj(s)|m(s)〉〈j(s)|. This
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time-dependent representation for the system’s density matrix will be used through-
out. Projecting both sides of the master equation (6.1) onto |m(s)〉 and 〈j(s)|, the
instantaneous eigenstates of H(s), one obtains






Note that if j = m, then all the terms on the right hand side (RHS) of Eq. (6.2)
will disappear. ρ(s) is now expressed in the representation of instantaneous energy
eigenstates of H(s), with ρ(s) = ∑ln ρln(s)|l(s)〉〈n(s)|. Plugging this expansion of





ρmj(s)〈j(s)| dds |m(s)〉+ c.c.
]
. (6.3)
Here “·” means the derivative with respect to the system parameter s. For an
adiabatic process starting at s = s0 and ending at s = s1, the final population on







ρmj(s)〈j(s)| dds |m(s)〉+ c.c.
]
. (6.4)




−i[Em(s)− Ej(s)]− γ2 [Am(s)−Aj(s)]2
. (6.5)
The numerator in Eq. (6.5) can be further rewritten as











Reexpressing the off-diagonal density matrix elements ρnj(s) and ρmn(s) in the
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second line of Eq. (6.6) using Eq. (6.5), and then inserting Eq. (6.6) back into
Eq. (6.5), we find that, to the first order of v, the terms in the second line of
Eq. (6.6) can be dropped. So up to the first order of v, we finally have
ρmj(s) = v
ρ˙mj(s) + [ρjj(s)− ρmm(s)]〈m(s)| dds |j(s)〉
−i[Em(s)− Ej(s)]− γ2 [Am(s)−Aj(s)]2
. (6.7)


























γmj(s) ≡ γ2 [Am(s)−Aj(s)]
2 , gmj(s) ≡ Em(s)− Ej(s). (6.9)
To proceed further, we perform an integration by parts over ρ˙mj(s), the first




























Note that for a nonzero dephasing rate γ, all the off-diagonal elements ρmj(s) would
have decayed to zero at the end of a slow pumping cycle. Thus, we can ignore the
term proportional to ρmj(s1) in Eq. (6.10). Using again Eq. (6.7), one sees that the
term on the second line in Eq. (6.10) is at least of order O(v2). Thus this term can
also be dropped if we only consider terms up to the first order of v. With these
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The second term in Eq. (6.8) can be simplified by replacing ρjj(s) and ρmm(s)
with their zeroth order expressions, namely, ρjj(s0) and ρmm(s0). Together with

























Under the condition s(t) = vt, v is a constant and can be pulled out from the above
integral in Eq. (6.12).
From Eq. (6.12) we see that the non-adiabatic transition probability ∆Pj ≡
ρjj(s1)−ρjj(s0) up to linear order in v is composed of two parts: one determined by
the inter-level coherence in the initial state, and another one given by an integral over
the whole evolution process weighted by the initial population difference between
each pair of energy levels of H(s). When the dephasing rate γ = 0, the third term
on the right hand side of Eq. (6.12) will disappear, and the non-adiabatic correction
up to first order in v is only due to the inter-level coherence in the initial state. This
is parallel to the conclusion in our previous work [171]. Moreover, if at s = s0 only
the energy level j is populated, our result will reduce to the one derived by Avron
for a pure-dephasing Landau-Zener model [8]. As pointed out by Avron, in this
case if γ = 0, there will be no first order non-adiabatic correction to the transition
probability. With a finite and positive γ, the transition becomes irreversible due
to the suppression of coherent population oscillations by the dephasing, so that a
non-adiabatic correction to the population transfer up to first order in v emerges.
Our result Eq. (6.12) further shows that another leading order correction to the
adiabatic transition probability could emerge if initially several energy levels of
H(s) are coherently populated, so long as the dephasing rate γ is finite. Another
interesting feature of this coherence term is that it is very sensitive to how the
adiabatic protocol is initiated. Suppose the scaled time s is a general monotonous
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function of t: s = s(t), then the second term in Eq. (6.12) will explicitly depend
on how fast the parameter s changes at t = t0. Thus the effect of coherence on
non-adiabatic transitions can be manipulated externally so long as the adiabatic
condition is satisfied. Based on all these observations, we expect our results would
provide with us a clean platform to understand how coherence and decoherence could
interplay with each other. In the following section, we will check the performance
of our result Eq. (6.12) in two-level pure-dephasing systems.
6.3 First Order non-Adiabatic Corrections in Two-Level Sys-
tems
To explicitly verify Eq. (6.12), we consider a Landau-Zener system (LZS) subject
to Lindblad pure dephasing, as described by Eq. (6.1). The system Hamiltonian
is given by H(s) = 12(g0σx + sσz), where the constant g0 > 0 equals the minimum
energy gap of the instantaneous Hamiltonian H(s). For convenience we choose
A(s) = H(s). As an example, initially (s = s0) the two levels of H(s0) are assumed














where |ψ(1)(s0)〉 and |ψ(2)(s0)〉 denote the ground and excited states of H(s) at
s = s0. In our explicit calculations, we choose s0 = −1, s1 = 1, g0 = 1. Plugging
this initial state into Eq. (6.12), the nonadiabatic transition probability up to the
first order of v at the final time s = s1 then reads:
∆ρ = ρ22(s = 1)−ρ22(s = −1) = −v
√
3γ






γ2 + 4 cos2(θ)dθ. (6.14)
On the RHS of Eq. (6.14), the first term is due to initial state coherence and the
second term is an integral (which can be worked out analytically) over the whole
adiabatic process weighted by the population difference of the two levels at s0 =
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Fig. 6.1: (color online) nonadiabatic transition probabilities in LZS under pure dephasing, plotted as
a function of the dephasing rate γ. (magenta) dashed line: transition probabilities due to initial state
coherence [the first term on the RHS of Eq. (6.14)], (blue) dotted line: transition probabilities due
to initial population difference [the second term on the RHS of Eq. (6.14)], (green) solid line: total
transition probabilities in theory, (red) circles: total transition probabilities obtained by numerically
evolving Eq. (6.1). The adiabatic sweeping speed is chosen to be a constant, with v = 10−3.
−1. To numerically verify Eq. (6.14), we directly evolve the initial state given in
Eq. (6.13) using the Lindblad master equation [Eq. (6.1)] from s = −1 to s = 1.
The comparison between theory and numerical results is shown in Fig. (6.1), where
an excellent agreement is obtained for a wide range of the dephasing rates.
To further check how initial state coherence induces corrections to nonadiabatic




















As seen in Eq. (6.12) and also stressed in the main text, the switch-on behav-
ior of an adiabatic process will be important in correcting nonadiabatic transition
probabilities in the presence of initial state coherence (hence important to adia-
batic pumping). To check this we investigate three different adiabatic protocols:
(I). s = ut, (II). s = cos(ut), and (III). s = 1− u2t2. Assuming that the start times
are t0 = −pi/u for case II and t0 = −
√
2/u for case III, the sweeping rate of s at
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Fig. 6.2: (color online) Nonadiabatic transition probabilities with respect to the dephasing rate γ for three
different adiabatic protocols. From top to bottom, the adiabatic protocols are given by s = cos(ut),
s = ut, and s = 1−u2t2, with u = 10−3, the starting and ending values of s are given by s0 = −1 and
s1 = 1. Dotted, dashed, solid lines denote theoretical results, while symbols denote numerical results.
the start would be v = u, v = 0 and v = 2
√
2u, thus yielding different nonadiabatic
corrections. In addition, for this initial state, the two levels of H(s0) are equally
populated in the beginning, so only the first term on the RHS of Eq. (6.12) will
give rise to nonadiabatic transitions up to the first order in v. The theoretical nona-
diabatic transition probabilities for these three protocols are respectively given by
∆ρ = −u γ4(γ2+2) , ∆ρ = 0, and ∆ρ = −2
√
2u γ4(γ2+2) . In Fig. 6.2 we compare our
theory with numerical results, with excellent agreement for all the three adiabatic
protocols.
Up to now we have demonstrated that our theory can correctly predict the non-
adiabatic transition probability up to first order in v for general kinds of initial states
in pure-dephasing Lindblad evolutions. But the overall correction to the transition
probability is still a small quantity, and an interesting question is how to reveal
such non-adiabatic transitions in a real physical process. In the next section, we
will try to address this issue by computing the adiabatic particle transport in a
one-dimensional (1D) periodic lattice coupled to a pure-dephasing bath. As will
be shown below, the non-adiabatic transitions could have a non-negligible contribu-
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tion to, and sometimes even dominant, the amount of pumped particles during an
adiabatic cycle.
6.4 Dephasing-Modified Adiabatic Pumping
In adiabatic pumping, nonadiabatic corrections of the order v could accumulate
over a pumping cycle, potentially yielding an overall outcome independent of v or
the pumping time scale [171]. Consider then a particle moving in a 1D periodic
lattice, subject to pure-dephasing Lindblad evolution. The Hamiltonian is assumed
to be Hk(s), with k ∈ [−pi, pi) being the quasimomentum and Hk(s) = Hk(s+ 2pi).
The parameter space formed by k and s is hence a 2-dimensional (2D) torus. The
eigenvalues of Hk(s) are assumed to form well-gapped Bloch bands. A pumping
cycle can be realized by sweeping s slowly from s0 = 0 to s1 = 2pi with a speed v.
The Lindblad dephasing operators for the k-component of the system are assumed
to be Ak(s), which preserve the translational invariance. Due to this treatment, k
is conserved during the pumping and states with different k are always independent
of each other. Therefore, Eqs. (6.7) and (6.12) are applicable for each individual k
value. As elaborated in Supplementary Material, the spectrum of Hk(s) and Ak(s),
as well as the initial state of the system, are all assumed to have reflection symmetries
in the k-space so as to highlight all the pumping terms that are independent of v.
The number of particles pumped per unit cross section at the end of the pumping










where vk(s) ≡ dHk(s)dk is the group velocity operator of a particle with quasimomen-
tum k. To evaluate fks, both the diagonal and off-diagonal elements ρjj(s) and
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Without loss of generality we assume the adiabatic pumping protocol starts from
s0 = 0 and ends with s1 = 2pi. Using the expressions for ρjj(s) and ρmj(s) in

















































All the quantities in the above equation should be understood as functions of quasi-
momentum k, though this dependence is not explicitly spelled out. Let us first focus
on the first term on the RHS of Eq. (6.18). In principle this term (inversely propro-
tional to v) can have a large contribution to the pumped number of particles. To
highlight other contributions due to nonadiabatic transitions, we assume that both
the initial state and the spectrum of Hk(s) and Ak(s) are even functions of k. Under
this assumption, the first term upon integration over k will have no contribution to
the pumping. For the same reason, the second term on the RHS of Eq. (6.18) will
also vanish. Under this simplification, fks reduces to









































Next we focus on the first term on the RHS of Eq. (6.21), which contains
d
dsρmj(s). Because fks will be under an integration upon s to give the number
of pumped particles Q, we can consider an integration over s by parts here. Then



































Since a nonzero dephasing rate γ leads to an exponential decay of all off-diagonal
density matrix elements ρmj(s), the term proportional to ρmj(s) in Eq. (6.22) is
negligibly small at the end of a slow pumping cycle (s = 2pi). Thus the only
contribution of the first term on the RHS of Eq. (6.22) to the pumped number of











The second term in Eq. (6.22) still involves an integral over s. The integration of
the decaying off-diagonal density matrix element ρmj(s) over s indicates that it is at
least of the order of v, hence negligible as compared to the first term in Eq. (6.22).
Alternatively, one may plug our earlier expression for ρmj(s) in Eq. (6.7), only to
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which is indeed of the order of v. As such, f (abd)ks depicted in Eq. (6.21) equivalent-
ly (upon integration of s over one pumping cycle) contains the following contribu-








































As we have explained earlier, the contributions of those terms involving the off-
diagonal density matrix elements to the pumping are at least of order O(v) after








[ρjj(s)− ρmm(s)]〈m(s)| dds |j(s)〉
γmj(s) + igmj(s)
. (6.28)
With the help of 〈j(s)|
dH(s)
dk |m(s)〉












[ρjj(s)− ρmm(s)]〈m(s)| dds |j(s)〉〈j(s)| ddk |m(s)〉
Γmj(s) + i
, (6.29)
where Γmj(s) = γmj(s)gmj(s) is defined in the main text. To proceed further, we shift the
derivative of k to act on state |j(s)〉 and exchange m and j in the summation. With








[〈 ddk j(s)|m(s)〉〈m(s)| ddsj(s)〉
Γmj(s) + i
+





Recombining the two terms in Eq. (6.30) and using the zeroth order expression
for ρjj(s) (because this only introduces an error proportional to v to the pumping,




























































































where C(s) ≡ 〈j(s)|
dH(s)
ds |m(s)〉
gmj(s)[γmj(s)+igmj(s)] , Γmj(s) ≡
γmj(s)
gmj(s) , and all other quantities do carry
a k-dependence but not spelled out explicitly, For example, ρmj(s) now means the
density matrix element already projected onto the subspace with quasi-momentum
k, |j(s)〉 above refers to an eigenstate of Hk(s), Γmj(s) should also be understood
as a function of k, with γmj(s) and gmj(s) defined at the same individual k values.
As seen above, all the four subterms of fks are now independent of v. That is, accu-
mulating the transport behavior over one entire pumping cycle allows us to capture
all the subtle nonadiabatic and dephasing effects proportional to v. Eq. (6.34) goes
beyond a previous result [9] because it also accounts for IBC effects.
Each of the four subterms in Eq. (6.34) should be discussed. We do so mainly by
asking what happens to them if removing dephasing [γmj(s) = 0, Γmj(s) = 0]. First,
f
(a)
ks depending on initial populations would vanish, hence a subterm entirely due to
dephasing. Second, f (b)ks expectedly reduces to an integral over Berry curvatures of
Bloch wavefunctions weighted by their initial populations. Third, f (c)ks would recover
an expression parallel to what we found in the previous chapter (see also Ref. [171]),
where how IBC in driven systems corrects adiabatic pumping was first studied. This
is especially encouraging because our derivation here refers to a nondriven system
and also takes an entirely different route than the method we used to derive the
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second line of Eq. (5.35). The alternative derivation in the previous chapter clearly
indicates that f (c)ks is of a dynamical, not a geometrical origin. The found IBC effect
is seen to persist well in the presence of dephasing, insofar as its explicit form is
only modified by dephasing via gmj(s) → gmj(s) − iγmj(s) [see the expression of
C(s) defined below Eq. (6.34)]. Lastly, in obtaining f (d)ks we already assumed that
the off-diagonal elements ρmj(s1 = 2pi) have decayed to zero. Hence naively setting
γmj(0) = 0 alone in the expression for f (d)ks does not suffice to recover any unitary
limit. Because this last subterm does not even depend on the pumping protocol (no
derivatives with respect to s is involved), this subterm largely originates from a
current inherent in the initial state itself, whose contribution to the pumping is
accumulated only for a dephasing time scale. Overall, the four subterms presented
in Eq. (6.34) can now be used to predict, both qualitatively and quantitatively, the
features of adiabatic transport emanating from rather general nonequilibrium states.
In the following section, we will numerically verify our results using a simple
2-band Chern insulator model coupled to a pure-dephasing bath.
6.5 Dephasing-Modified Adiabatic Pumping in QWZ Model
We use the Qi-Wu-Zhang model Hamiltonian [127],
Hk(s) = sin(k)σx + sin(s)σy + [δ + cos(k) + cos(s)]σz, (6.35)
which contains the main feature of Chern insulators [14]. This system can describe
spin-1/2 (σx,y,z are Pauli matrices) fermions with spin-dependent nearest-neighbor
hoppings on a square lattice, with δ being an energy bias parameter. Though
originally k and s refer to two quasimomenta along different directions, here we
may also view the above Hamiltonian as a 1D system with s being an experimentally
tunable system parameter. The instantanenous eigenstates of Hk(s) are represented
as |ψ(1)k (s)〉 and |ψ(2)k (s)〉, with eigenvalues Ek,1(s) < Ek,2(s). To introduce pure
dephasing, we assume the Lindbald operators Ak(s) to be the same as Hk(s). The
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spectrum of Hk(s) [hence also of Ak(s)] is indeed symmetric in k. Remarkably,


















where Γ21, as defined before, is now given by Γ21 = γ[Ek,2(s)− Ek,1(s)]/2. ∆ρk(0)
in Eq. (6.36) refers to the initial population difference between the ground and

















are the Fubini-Study metric of the ground state bundle
and the more familiar Bloch band Berry curvature [9]. Clearly then, without IBC,
the adiabatic pumping determined by f (a)ks and f
(b)
ks is of geometrical nature, but
modified by dephasing. The whole story of adiabatic transport under a pumping
protocol is however completed by f (c)ks and f
(d)
ks , whose explicit expressions follow
Eq. (6.34) and are not given here.
To verify our theory, we numerically evolve various initial states at each quasi-
momentum value using the above-mentioned pure-dephasing Lindblad master equa-
tion. We then obtain Q by integrating the numerically found fks over k and s.
Consider first an initial state uniformly filling the bottom band only. In this case
there is no IBC, so the pumping is entirely determined by f (a)ks and f
(b)
ks in Eq. (6.36).
As shown in Fig. 6.3, theory and numerics are in perfect agreement. For the topo-
logically nontrivial case with δ = 1 (top panel), Q decreases from a quantized Chern
number (Q = 1) to zero as the dephasing rate γ increases. Thus, the topologi-
cal relevance to adiabatic pumping is gradually suppressed by dephasing. For the
topological trivial case with δ = 2.5 (bottom panel), however, the absolute value
of Q first increases and then decreases with γ. This dephasing-induced pumping is
directly connected with the Gks metric. The nonmonotonic behavior is due to the
fact that both the denominator and numerator of Gks depend on the dephasing rate
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Fig. 6.3: (color online) Number of pumped particles Q vs the dephasing rate γ for (a). δ = 1.0,
(b). δ = 2.5. The system Hamiltonian is described in Eq. (6.35). The adiabatic sweeping rate is
assumed to be v = 10−3 in our numerical calculations.
γ. These interesting observations reveal rich physics due to the interplay between
dephasing and topological protections, which deserves further explorations.
We next consider initial states that coherently populate the two bands. As the








〈ψ(1)k (0)|+ 〈ψ(2)k (0)|
]
. (6.37)
This initial state populates the two bands equally with a uniform distribution in k,
with ∆ρk(0) = 0. So f (a)ks and f
(b)
ks described in Eq. (6.36) have no contributions
to adiabatic pumping. Nevertheless, the effect of IBC on the transport is nonzero,
with the agreement between theory and numerics presented in Fig. 6.4(a). It is
seen that as dephasing strengthens, Q increases first and then decreases, reflecting a
competition between dephasing and IBC. In particular, the IBC induced transport
is significant even when the dephasing rate γ is comparable to the characteristic
scale of the system’s band gap. Turning to a second density matrix as the initial
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Fig. 6.4: (color online) Number of pumped particles Q vs γ. In (a), the initial state equally populates
the two bands with IBC and in (b) the initial state unequally populates the two bands with IBC. See
the main text for details of the initial states used. The system Hamiltonian is described in Eq. (6.35),
with δ = −0.5 in (a) δ = −1.6 in (b). The adiabatic sweeping speed is chosen to be v = 10−3 in our
numerical checking. In (b), (blue) dotted line, (green) dashed line, and red dotted line represent the
respective contribution from f (b)ks , f
(c)
ks , and f
(d)















The f (a)ks term for this case turns out to make no contribution. Both theoretical
and numerical results for this example are shown in Fig. (6.4)(b). There, we have
separately plotted the contributions associated with f (b)ks , f
(c)
ks , and f
(d)
ks . Though the
overall dependence of Q on γ shows one valley only, it is seen that each of the three
terms responds to dephasing in different manners. That is, it is necessary to know
all these terms in order to better understand the overall pumping.
As a final example, we would like to check the behavior of the adiabatic pumping
when the system passes a topological phase transition point. The topological phases
of the QWZ model are determined by the value the of on-site energy bias δ in
Eq. (6.35). We focus on the phase transition point at δ = 0, around which the
132
Chapter 6. Effects of Dephasing on Quantum Adiabatic Pumping with Nonequilibrium Initial States
















Fig. 6.5: (color online) Pumped number of particles Q with respect to δ through a phase transition
point of the dephasing-free system at δ = 0 for several different dephasing rates.
Chern number of the bottom band changes from −1 to +1. The initial state is
[
cos(k)|ψ(1)k (0)〉+ sin(k)|ψ(2)k (0)〉
] [
cos(k)〈ψ(1)k (0)|+ sin(k)〈ψ(2)k (0)|
]
, (6.39)
and the dephasing rates are chosen to be γ = 0.5, 2.5, 4.5. The results are shown in
Fig. 6.5.
We see that departing from the phase transition point of the dephasing-free
system, our theory is still consistent with numerical simulations. Approaching the
phase transition point, the band gap of the system becomes increasingly small and
our theoretical predictions deviate from numerical results, as expected. Without
dephasing, the Chern number jump is 2 across this phase transition point. With
a finite dephasing rate, the phase transition window is broadened and the jump of
the pumped number of particles becomes a non-quantized value around 2. With
the increasing of the dephasing rate, the maximal difference of the pumped num-
ber of particles ∆Q(γ) = max[Q(γ)] − min[Q(γ)] around δ = 0 predicted by the
theory gradually decreases, i.e., ∆Q(γ = 0.5) ≈ 2.04, ∆Q(γ = 2.5) ≈ 1.81 and
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∆Q(γ = 4.5) ≈ 1.69. Thus we conclude that even though there is a finite dephasing
rate, the pumped number of particles could still have a jump and flip its sign around
the original topological phase transition point of the system, which reflects rema-
nent signatures of a topological phase transition in the dephasing-modified adiabatic
pumping.
6.6 Summary
In this chapter, we studied the effect of decoherence on adiabatic pumping in static
systems. We first derived a formula for the adiabatic population transfer among in-
stantaneous eigenstates of a finite-level quantum system coupled to a pure dephasing
bath. Two correction terms up to first order in the driving speed emerge in the adi-
abatic transition probability for general kinds of initial states. Besides a previously
discovered correction due to the suppression of coherent population oscillation by de-
phasing [8], there is another correction term due to inter-level coherence in the initial
state. Such coherence-induced transitions will persist at finite dephasing rates, and
are also sensitive to how the adiabatic protocol is initiated. All these observations
have been verified in a pure-dephasing two-level system. Based on these results, we
derive the adiabatic pumping of a general initial state in a one-dimensional periodic
lattice coupled to a pure dephasing bath. Thanks to two competing time scales,
there could be a finite number of pumped particles due to non-adiabatic transitions
even in the adiabatic limit. The pumped number of particles could be decomposed
into two parts: one due to some band geometric properties, and another one due to
IBC in the initial state. Both parts are modified by the dephasing. These results
are demonstrated in a two-band Chern insulator model coupled to a pure-dephasing
bath.
Since the IBC-induced correction to the adiabatic pumping could be manipulat-
ed externally, our results might be used to achieve a coherence-based control of the
adiabatic dynamics. Combining with the system-bath coupling, our findings could
also provide us with a clean platform to study how coherence and decoherence could
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interplay with each other. Moreover, since the adiabatic pumping is always connect-
ed with geometric and topological properties of (quasi-)energy bands, this work also
constitutes a simple but nontrivial example to show how transport with geometric
and topological origins would be modified in an environment. For future studies, one
may consider extending these results to topologically nontrivial periodically driven
systems, and study how those non-equilibrium topological phases and their trans-
port features are affected by dephasing [28]. Another interesting direction to explore
further concerning the effects of more general kinds of system-bath couplings and




In this thesis, we have studied adiabatic pumping in periodically driven and open
quantum systems, with a unified perspective of geometry, topology and quantum
coherence. In this final chapter, we will review what we have done in this thesis and
discuss some potential future directions.
7.1 Conclusion
In this thesis we studied how geometry, topology and quantum coherence play with
each other in adiabatic quantum pumping. We addressed this issue both in peri-
odically driven as well as non-driven quantum systems. In the starting chapter, we
first reviewed some basic concepts concerning topological spaces and their relation-
s. After that we gave a brief historical overview on how geometry and topology
gradually evolved into a unified theme in non-relativistic quantum physics. Along
this route, we focused on geometric phase, topological states of matter, and their
interplay in adiabatic quantum pumping. This underlies the motivation of the study
in this thesis. With all these preparations we listed the content of each chapter of
this thesis.
In the second chapter, we summed up the theoretical background of the study
in this thesis. We started with the cyclic adiabatic evolution, in which the Berry
phase emerges and plays a crucial role. After that, we reviewed two equivalent rep-
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resentations for quantum states in spatially periodic systems, i.e., the Bloch states
and Wannier functions. With these concepts we introduced Thouless’s quantized
adiabatic particle transport, and connected it with the topological property of Bloch
bands. More interesting phenomena will appear if a quantum system is driven by
two time-periodic potentials with frequencies far from each other. To address this
issue, we first reviewed the Floquet representation of periodically driven quantum
systems, which is suitable for describing the dynamics of the system in the long time
domain. If the system also has spatial periodicity, its quasienergies will group into
Floquet bands and the number of pumped particles over one adiabatic cycle due
to a filled Floquet band is also quantized to its Chern number. Such a topological
pumping phenomenon can also be extended to momentum space, where one obtains
a quantized acceleration after each adiabatic cycle. At the end of this chapter, we
discussed some numerical techniques for calculating Chern numbers of (Floquet)
energy bands.
In the third chapter, we introduced several model systems concerning topological
phases and adiabatic pumping. We discussed the Landau-Zener model, which is the
simplest quantum system to study adiabatic evolution and population dynamics, the
Qi-Wu-Zhang (QWZ) model, which is the minimum model for a two-dimensional
Chern insulator, and the Aubry-André-Harper model, which is a paradigm for the
study of Anderson localization and quantum Hall effects. These systems and their
modifications serve as either objects of our study, or good platforms to test our
theories.
In the fourth chapter, we studied a harmonically driven Aubry-André-Harper
model. The Floquet bands of this system sustain topologically nontrivial properties,
characterized by their nonzero Chern numbers and gap-traversing chiral edge modes.
These properties are demonstrated by quantized adiabatic pumping of Wannier s-
tates. By changing the system parameters, a series of topological phase transitions
can be induced, accompanied by quantized jump of Floquet band Chern numbers.
In certain phases, the Floquet band could have large Chern numbers, which might
137
7.1. Conclusion
lead to strong topological signatures in experiments if the number of pumped par-
ticles due to such a filled band is detected. Furthermore, for certain values of the
system parameters, very flat but topologically nontrivial Floquet bands could be
realized, which will be suitable for studying the interplay between nonlinear effects
and topology in Floquet systems. We further showed that, for certain even band
cases, the spectrum features linearly dispersing Dirac cones which hold potential for
the simulation of high energy physics or Klein tunnelling. Under open boundary
conditions, there are also degenerate zero modes connecting these Floquet Dirac
cones. In the end we discussed an experimental proposal to test our predictions.
Up to this stage, we have shown that periodic driving can induce topologically
nontrivial phases absent in static systems. But in Floquet systems, quasienergy
bands are bounded and there are no such concepts as Fermi level and ground state.
Thus an initial state will in general excite several Floquet bands and the topolog-
ical pumping due to a filled band might be hard to achieve experimentally. To
address this issue, we developed a theory to describe adiabatic pumping in closed
Floquet systems for general kinds of initial states. In terms of the shift of a wave
packet center over an adiabatic cycle, we showed that under one symmetry assump-
tion, the number of pumped particles in the adiabatic limit consists of two parts:
a weighted integral of the Berry curvature summed over all Floquet bands, plus
another correction term due to interband coherence in the initial state. The new
correction term survives due to two competing time scales and is sensitive to how
fast the adiabatic protocol is initiated. We checked our theory in the harmonically
driven superlattice system we studied in Chap. 4 of this thesis, and investigated
the potential of our results in detecting Floquet topological phase transitions and
in manifesting the interplay between coherence and decoherence effects in Floquet
band representations.
Since a quantum system is always coupled to a bath which will in general induce
decoherence, it would be an interesting question to ask how a quantum pump due to
the interplay among geometry, topology and quantum coherence would be affected
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in an environment. In Chap. 6, we tried to glimpse at this issue via considering a-
diabatic pumping in pure-dephasing Lindblad evolutions. We first showed that, for
general kinds of initial states, the dephasing will induce a transition among instanta-
neous eigenstates of the system Hamiltonian up to first order in the sweeping speed
of the adiabatic control parameter. In certain cases, the coherence in the initial state
could strongly modify the non-adiabatic transitions even at finite dephasing rates.
The coherence-induced transition is also sensitive to how the adiabatic protocol is
initiated. After testing our theory in a simple Landau-Zener model, we proceeded
to derive the adiabatic cyclic particle pumping in a one-dimensional spatial-periodic
system coupled to a pure-dephasing bath. For a general initial state, the pumped
number of particles has contributions from both band geometric properties and
quantum coherence in the initial state. To test our theory, we considered a QWZ
model coupled to a pure-dephasing bath, and showed that the number of pumped
particles due to a filled Bloch band is not quantized due to the modifications caused
by the dephasing, but has a purely geometric origin. For general initial states, the
IBC induced corrections could also dominate the adiabatic pumping in certain cases.
These findings would contribute to our understanding of the dephasing effects on
transport in topologically nontrivial systems and on coherent control of quantum
dynamics.
In the following section, we will point to some potential directions for future
studies.
7.2 Outlook
Here we sketch several promising topics which we would like to study in the future.
7.2.1 Nonlinear Effects and Many-Body Correlations
Understanding strong-correlation phenomena is always an ambitious goal in the s-
tudy of condensed matter physics. The same is true in the study of periodically
driven quantum systems, where many-body effects meet with non-equilibrium in its
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simplest manner. Inter-particle interactions and nonlinear effects in general hold the
promising potential to strongly modify topological and transport properties of static
and periodically driven quantum systems. They could even induce exotic phases of
matter beyond any perturbative treatments. Concerning these fascinating possibil-
ities, we would like to further explore how nonlinear and many-body effects would
affect (or even create) Floquet topological phases and modify their corresponding
transport features.
Along this line of thought, some progress has been made in recent years. For
example, in Ref. [185], the authors studied how nonlinear effects could modify the
ratchet current in a periodically kicking quantum system. They found that the mo-
mentum current could be decreased, suppressed or even reversed under the control
of nonlinearity. Following their treatment, one might then study how would these
nonlinear terms modify the band topology and affect the adiabatic particle pumping
in topologically nontrivial Floquet systems. In another recent study [52], the authors
proposed a Floquet analogue of the fractional Chern insulator (FCI). In periodically
driven honeycomb and square lattices, they derived the effective steady state band
structure and found a fractional Chern insulator state equivalent to the 1/3 Laugh-
lin state at certain filling factors. Such a state was shown to feature spontaneous
breaking of a continuous symmetry along with a topological phase transition. But
this discovery is still under debate [2, 53], which indicates that this field is far from
mature and much more studies are still required for its development. The nearly flat
Floquet band we found in the periodically driven Aubry-André-Harper model then
serves as a good platform for us to introduce many-body interactions and study the
resulting fractional topological phases as well as their transport features in Floquet
systems.
7.2.2 Coherent Control of Quantum Dynamics
Broadly speaking, the study on control of quantum dynamical processes has a long
history. Even before quantum mechanics was born, people had already tried to
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control chemical reactions (e.g., fermentation) using catalysts and the like. In a
more precise sense, quantum control aims at manipulating atomic and molecular
processes at their most fundamental level, generally using light-matter interaction-
s [1, 143]. With the proposal of environment-induced decoherence [140], it is also
important to understand how to realize coherent control of quantum dynamics ac-
curately under unremovable system-bath couplings. Understanding these issues will
help us engineer and design highly-precisive and robust quantum devices for next
generations.
In Chap. 5 of this thesis, we have already seen that the IBC in the initial state
could strongly modify the adiabatic particle pumping and the behavior of the system
around a topological phase transition point. Moreover, in Chap. 6 we found that
such a coherence-induced correction is non-negligible even in pure-dephasing Lind-
blad evolutions. At the same time we also found that the effect of IBC on adiabatic
pumping is sensitive to how an adiabatic protocol is initiated. Based on these obser-
vations, it would be interesting to consider utilizing this IBC term to design different
coherent control protocols and study their interplay with quantum decoherence. We
also would like to extend our theory to more general types of system-bath couplings
and check the fate of the coherence-based adiabatic transport in these situations.
7.2.3 Floquet Topological Phases in the Environment
In Chaps. 4 and 5, we have studied adiabatic transport in topologically nontrivial
Floquet systems. In Chap. 6, in terms of a simple Chern insulator model coupled
with a pure-dephasing bath, we have had a glance at how dephasing would modify
adiabatic transport in a topologically nontrivial static system. Combining them
together, a natural extension is to study adiabatic pumping in topological Floquet
open systems. In these situations, one needs certain topological invariants to char-
acterize states represented by density matrices. Recently, some progress has been
made along this direction [64, 167, 168], though the connection between the found
invariant and the transport properties of the system is still unclear. At this early
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stage, one also needs a careful design of the system-bath coupling so as to extract
clean information from adiabatic processes in Floquet band representations. Due to
its non-equilibrium nature, there are no straightforward extensions of the concepts
like ground state and Fermi surface to Floquet band representations, and thus some
care must be taken in understanding and manipulating Floquet band occupations,
which could strongly affect transport properties.
In recent years, this area is undergoing fast developments. For example, in Re-
f. [148], the authors studied the dynamical response of topologically protected helical
edge modes under a time-dependent flux bias, and found that in the presence of a
heat bath, the relaxation time of the edge states is related to the dissipative re-
sponse of the topological insulator bulk. In another study [28], a dissipative Floquet
topological system is proposed. There, using 2D Dirac fermions irradiated by a
circularly polarized laser, the authors studied the effect of phonon dissipation and
potential cooling on distribution functions in Floquet band representations. They
found that the initial distribution of electrons controlled by a specific switching-on
protocol of the laser could be smoothed out by phonons and becomes a state differ-
ent from a thermal state. In another recent study [29], the authors computed the
phonon-modified Hall conductance of a Floquet topological insulator. They found
that the Hall conductance is determined by the competition between reservoir in-
duced cooling and the excitation of photo-carriers by the laser. The quantization
of Hall conductance is observed at high driving frequencies and low bath temper-
atures, while at resonant driving frequencies, the band structure of the system is
strongly modified and the Hall conductance is not quantized even at sufficiently low
temperatures. All these discoveries, combined with our own results, motivate us to
explore further along this fascinating direction.
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